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I. INTRODUCTION 

The new boson with the mass of around 126 GeV has been discovered in the h —> 77, h — > 
ZZ* -> 4£ and h -)• WW* ->■ Iviv channels with 5.9a at the ATLAS [1] and with 5.0a at the 
CMS Q|. The observed mass of 126 GeV is consistent with the precision data at the LEP/SLC 
experiments at the quantum level assuming that it is the Higgs boson in the Standard Model 
(SM). At the LHC, the Higgs boson production and decay are consistent with the SM predictions 
at the 2cr level by both ATLAS and CMS experiments. The particle is most likely the Higgs boson. 

However, it is not necessary that the particle is the Higgs boson of the SM. The SM-like Higgs 
boson can also be predicted in various extended Higgs sectors; e.g., the Higgs sector with additional 
SU(2) singlets, doublets and/or triplets. Such a non-minimal Higgs sector is introduced in various 
new physics models beyond the SM which are considered to solve the problems such as tiny neutrino 
masses, dark matter and/or the baryon asymmetry of the Universe. The deviations in coupling 
constants of the SM-like Higgs boson from the SM predictions may be detected at the LHC or at 
the future precision collider experiments such as the LHC at the integrated luminosity of 3000 fb _1 
and the International Linear Collider (ILC). Therefore, we can discriminate models of new physics 
by comparing the accurate predictions on the coupling constants associated with the SM-like Higgs 
boson with the future precision measurements, even if additional new particles will be unfound. 

In this paper, we focus on the Higgs boson properties in the minimal Higgs triplet model (HTM), 



a. 



The 



where tiny neutrino masses can be explained via the so-called type-II seesaw mechanism 
Higgs sector of this model is composed from an SU(2) doublet Higgs field with the hypercharge 
Y = 1/2 and a triplet field with Y = 1. One of the striking features of this model is the prediction 
that the electroweak rho parameter p deviates from unity at the tree level due to the non-zero 
vacuum expectation value (VEV) of the triplet field va- As the experimental value of p is nearly 
one, v a should be much suppressed as compared to the VEV of the doublet. Approximately, va 
is constrained to be less than 8 GeV from the rho parameter data Under the requirement of 
va <C Vff,, where is the VEV of the doublet, the SM-like Higgs boson h can be separated from 
the triplet-like Higgs boson; namely, a pair of the doubly-charged (singly-charged) Higgs boson 
# ±=t (if*), the CP-odd Higg s boson A and the CP-even Higgs boson H. 

In order to identify the HTM at collider experiments, detection of the triplet-like Higgs bosons, 
especially of the doubly-charged Higgs boson, is important. The decay property of the triplet-like 
Higgs bosons strongly depends on the mass spectrum among them and va- When the triplet-like 
Higgs bosons are degenerate in mass or is the lightest of all of them, the main decay mode of 
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is the same-sign dilepton (diboson) in the case where va is less (larger) than about 1 MeV. 
The scenario based on the same-sign dilepton decay of has been studied in Refs. j(3-9]. This 
scenario has already been strongly constrained by the LHC data. The current lower mass limit 
on is about 400 GeV [hJ. The scenario for the same sign diboson decay of has been 



discussed in Refs. 
in Ref. 



Ill ] , and the discovery potential of iJ ±=t at the LHC has also been investigated 



Phenomenology of the HTM can be drastically changed when there is mass splitting among 
the triplet-like Higgs bosons and is the heaviest of all of them HQ , [u^. In such a case, 
the cascade decay of can be dominant instead of the same-sign dilepton or diboson decay; 

namely, decays into H^W^ 1 . At the same time, can decay into a neutral Higgs boson 

(H or A) associated with a W^ 1 . H and A can mainly decay into bb for v& > 1 MeV and into 
neutrinos for v& < 1 MeV. In the former case, the triplet-like Higgs bosons may be reconstructed 
by using the invariant mass as well as the transverse mass distributions at the LHC [lJ]. 

If the triplet-like Higgs bosons are light enough to be produced at the LHC, the direct detection 
can be an important probe of the HTM as already discussed. Even if they are too heavy to 
be directly detected, they can be indirectly tested by measuring the deviations from the SM in 
the Higgs boson couplings associated with h such as the coupling constants with the weak gauge 
bosons hVV, the Yukawa couplings hff and the triple Higgs boson coupling hhh. In Ref. |14l. Il5||. 
accuracy of the Higgs boson coupling measurements has been discussed at the LHC. Assuming the 
14 TeV collision energy and with the integrated luminosity to be 300 fb , the deviations in hZZ, 
hWW and /177 can be measured with about 10% accuracy, and that of the Yukawa couplings can 
be measured with about 20% for htt and hbb and about 10% for hr + T~ . At the ILC with the 1 
TeV collision energy and with the integrated luminosity to be 500 fb -1 , accuracy of the measured 



deviations in the Higgs couplings is expected to be less t 
5% for /177, 2-3% for hbb and /it+t~ and 5-10% for htt 
is expected to be measured with about 20% accuracy 



ran about 1% for hWW and hZZ, about 



15J. The triple Higgs boson coupling hhh 



161 ]. assuming the collision energy and the 



integrated luminosity being 1 TeV and 2 ab" 1 , respectively at the ILC. 

In this paper, we calculate the deviations in these Higgs boson couplings in the HTM at the 
one-loop level. In particular, we focus on the deviations in the h — > 77 decay rate, hZZ and hWW 
couplings and also the triple Higgs boson coupling hhh. The couplings of the triplet field with the 
quarks are induced by a small mixing angle which is proportional to v a, so that we do not discuss 
about the one-loop corrections to the Yukawa couplings. In order to calculate finite predictions 
of various observables, we need the renormalization of the model. The renormalization of the 
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electroweak sector in the HTM is different from that in models with p = 1 at the tree level. Four 
parameters are necessary to describe the electroweak parameters instead of three parameters such 
as a em , Gf and mz- This means that one extra renormalization condition is required to determine 
the counter-term which corresponds to the one extra input parameter. The renormalization scheme 
in models with p ^ 1 has been discussed by Blank and Hollik in Ref . , where the effective weak 
mixing angle is chosen as the extra input parameter in the model with the Y = triplet Higgs 
field. In Ref. [l^ ]. this renormalization scheme has been applied to the HTM. The two different 
renormalization schemes in the model with the Y = triplet Higgs field have been discussed 
in Refs. where the triplet VEV is chosen to _be the fourth input parameter as the other 



1$. 



renormalization scheme from that proposed in Ref. 

We impose in this paper the new renormalization scheme for the electroweak parameters, in 
which we require the no-mixing condition between the physical CP-odd Higgs boson A and the Z 
boson as an additional renormalization condition. We then compare the previous renormalization 
scheme, which is used four inputs from the electroweak precision data, and the new scheme. In 
the former renormalization scheme, the decoupling limit cannot be taken even when the triplet-like 
Higgs bosons are taken to be quite heavy. On the other hand, in the latter scheme, we can take 
the decoupling limit when a coupling constant among the doublet-doublet-triplet term is taken to 
be a fixed value. We then discuss the renormalization of the Higgs potential in the HTM. The on- 
shell renormalization scheme for the parameters in the potential has been constructed in Ref. j^l 
in the limit of v/^/va — > 0. We prepare the counter-terms which are necessary to calculate the 
renormalized hZZ, hWW and hhh vertices. 

Finally, we evaluate possible deviations from the SM in these Higgs couplings under the allowed 
parameter regions by the electroweak precision data and the unitarity and vacuum stability bounds. 
We also examine the event number of the pp — > h — > 77 channel. We find that there are strong 
correlations among the deviations in /177, hVV and hhh. For example, if the event number of the 
pp — > h — > 77 channel is predicted as +30% (—40%) compared to the SM prediction, deviations 
in the one-loop corrected hVV and hhh vertices are predicted about —0.1% (—2%) and —10% 
(+150%), respectively. Such large deviations in /177 and hhh are consequence of the non-decoupling 
loop effect of extra Higgs bosons, similarly to the case of the two Hig gs d oublet model. In the two 
Higgs doublet model, the Higgs boson couplings hZZ 21[ and hhh 2l|, |22| and the electroweak 
precision observables [23f] have been calculated at the one-loop level. By measuring these coupling 
constants accurately at future colliders such as the LHC with 3000 fb -1 and at the ILC, the HTM 
can be discriminated from the other models. 
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This paper is organized as follows. In Sec. II, we define the Lagrangian in the HTM. We 
calculate the mass spectrum among the triplet-like Higgs bosons, and we briefly review the tree 
level relations among parameters. The unitarity and vacuum stability bounds are also discussed 
in the end of this section. In Sec. Ill, the renormalization of the HTM is discussed based on the 
on-shell scheme, where we study the renormalization of the electroweak precision parameters and 
that of the parameters in the Higgs potential. In Sec. IV, we first calculate the decay rate of 
h — > 77 process and the renormalized Higgs boson couplings hZZ, hWW and hhh at the one-loop 
level. Numerical results for the deviations in these coupling constants from the SM are shown 
in the allowed parameter regions by the theoretical bounds and the electroweak precision data. 
Conclusions are given in Sec. VI. 



II. TREE LEVEL FORMULAE 



The scalar sector of the HTM is composed of the isospin doublet field <I> with hypercharge 
Y = 1/2 and the triplet field A with Y = 1. The relevant terms in the Lagrangian are given by 



ArTM = £ ki n + £y-^($,A), 



(1) 



where £kin> £-Y and V($, A) are the kinetic term, the Yukawa interaction and the Higgs potential, 
respectively. 

The kinetic term of the Higgs fields is given by 



£kin = (D^(D^) + Tr[(L> jU A)t(^A)] ) 



(2) 



where the covariant derivatives are defined as 

Dp* = (dp + i 9 -T a W« + i^B^j <&, D,A = d,A + i 9 -[r a W«, A] + ig'B.A. (3) 
The Higgs fields can be parameterized by 

A+ . I I 

1 



A 



A 



A+ 

V2 



with A = (5 + v A + irj) , (4) 
v2 



where and v& are the VEVs of the doublet Higgs field and the triplet Higgs field, respectively 
which satisfy v 2 = + 1v\ ~ (246 GeV) 2 . The masses of the W boson and the Z boson are 
obtained at the tree level as 



n 2 

2 y r 1 1 o 2 \ 2 



g 



4 cos 2 0\y 



(vl + ^v 2 A ). 



(5) 
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The electroweak rho parameter can deviate from unity at the tree level; 

1 _i_ 2v - 

— " L W 

P 



m 2 z cos 2 9w i + 4v a 



(6) 



The experimental value of the rho parameter is quite close to unity; i.e., p cxp = 1.0008lto'ooo7 Ql' 



so that v& has to be less than about 8 GeV from the tree level formula given in Eq. 
The Yukawa interaction for neutrinos J] is given by 

£y = hijL % £iT2^L 3 L + h.c, 



(7) 



where hij is the 3x3 complex symmetric Yukawa matrix. Notice that the triplet field A carries 
the lepton number of —2. The mass matrix for the left-handed neutrinos is obtained as 



(M 



UJIJ 



V2h 



ijVA- 



Current neutrino oscillation data are given by the following central values 

sin 2 6»i2 = 0.31, sin 2 6 23 = 0.39, sin 2 13 = 0.024, 



2J 



Am 2 .! = 7.5 x 10~ 5 eV 2 , Am 



§ 2 = 2.4 x 10~ 3 eV 2 , 



(8) 

(9) 
(10) 



nn 



can be explained in the HTM [7H9J. It is seen from Eq. (JHJ) that the neutrino mixing pattern is 
purely determined by the matrix. Since the decay rate of into the same-sign dilepton 

is proportional to |/iij| 2 , we can test the type-II seesaw mechanism by looking at the same-sign 
dilepton decay mode of ff ±=b ^L~9\. 

The most general form of the Higgs potential under the gauge symmetry is given by 

V($, A) = m 2 $ f $ + M 2 Tr(A t A) + \^ T iT 2 A^ + h.c. 

+ Ai(#$) 2 + A 2 [Tr(AtA)l 2 + A 3 Tr[(A t A) 2 ] + A 4 ($ t $)Tr(A t A) + A 5 $ t AA t $, (11) 

where m and M are the dimension full real parameters, [i is the dimension full complex parameter 
which violates the lepton number, and A1-A5 are the coupling constants which are real. We here 
take fi to be real. 

The potential respects additional global symmetries in some limits. First, when the [i term is 
absent, there is the global U(l) symmetry in the potential, which conserves the lepton number. As 
long as we assume that the lepton number is not spontaneously broken, the triplet field does not 
carry the VEV; i.e., i>a = 0. Next, when both the fi term and the A5 term are zero, an additional 
global SU(2) symmetry appears. Under this SU(2) symmetry, $ and A can be transformed with 
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the different SU(2) phases. In this case, all the physical triplet-like Higgs bosons are degenerate 
in mass. 

The tadpoles for the (ft and 5 fields are obtained as 



-Vcj, 



m 2 + t,2A 1 + -A(A 4 + A 5 ) 



v 2 



M 2 + v 2 A (X 2 + \ 3 ) + ^-(\ A + \ 5 



Mi 



with M\ _ 

V 2t>A 



(12) 
(13) 



Because the tadpoles must be vanished at the tree level (T$ = Ta = 0), we can eliminate m 2 and 
M 2 in the potential. The mass matrices for the scalar bosons can be diagonalized by rotating the 
scalar fields as 




cos /3 — sin j3 
sin j3 cos j3 

cos a — sin a 
sin a cos a 




)■ 1 













cos f3' — sin f3' 
sin f3' cos j5' 




(14) 



with the mixing angles 

tan p = . 



tan 



2v A 



tan 2a 



VA 2v l(M + ^5 



4M^ 



(15) 



V 2^A 1 -M A -2t; A (A 2 + A 3 )" 

We note that the mixing angle of the charged scalar states (/3) and that of the CP-odd scalar states 
(/?') are different in the triplet model. In the two Higgs doublet model, corresponding two mixing 
angles are the same at the tree level. This is because the kinetic term of the two doublet fields can 
be rewritten in terms of so-called the Georgi basis, where only one of the doublets has a non-zero 
VEV in which the NG bosons are included. Original basis and the Georgi basis are related to a 
single angle. In the HTM, because $ and A are the different representation of SU(2), the kinetic 
term given in Eq. ([2]) cannot be rewritten in terms of the Georgi basis. Thus, the diagonalization 
of the mass matrices has to be done by each component scalar field, and mixing angles for the 
charged scalar states and the CP-odd scalar states are different in general. 

In addition to the three NG bosons and G° which are absorbed by the longitudinal compo- 
nents of the W boson and the Z boson, there are seven physical mass eigenstates H^, A, H 
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and h. The masses of these physical states are expressed as 



m 



H++ 



■\/r1 2 \ A5 2 

M A -v A X 3 - —v^ 



m 



M 2 ^ 5 i, 2 
A - Y 



1 + 



2vi 



m \ = Mi 1 + 



(16) 
(17) 

(18) 



m H = Mu srn o + -M 22 cos a — .M 12 sin2a, 
ml = Mji c °s 2 a + -^22 sin2 « + -^12 sin 2a ; 



(19) 
(20) 



where Mfi, M\ 2 an d are the elements of the mass matrix Mfj for the CP-even scalar states 
in the ((/>, 5) basis which are given by 



Mli = 2ujAi, 

^1 2 = M| + 2^1(A 2 + A 3 ), 

^2 = — — Ml + ^a(A 4 + A 5 ) 

V0 



(21) 
(22) 
(23) 



The six parameters n and A1-A5 in the Higgs potential in Eq. (jlip can be written in terms of the 
physical scalar masses, the mixing angle a and VEVs v<f, and v& as 



V2 



Mi 



V2va 2 



1 



\ / 2 2 1 2 • 2 

Ai = — 2\ m h cos « + sin a 
A 2 



2«J 
1 



2«i 



2m H++ + ^ 



vl + 4^1 ^ + 2v\ 



1 2 2 1 2-2 

+ cos a + m h sm a 



A3 
A 4 
Ab 



2m 



H+ 



m 



H++ 



m 



v 2 , + 4v 2 A 



4m 2 H+ 



2mi 



+ — 7 sin 2a, 



m , 



m 



H+ 



vl + 4«i v 2 + 2v\ 



(24) 
(25) 

(26) 

(27) 

(28) 

(29) 



When the triplet VEV v A is much less than the doublet VEV tu, which is required by the rho 
parameter data, there appear relationships among the masses of the triplet-like Higgs bosons by 
neglecting 0(v\/vV) terms as 



m 



m 



H+ 



m 



2 2 
m A = m H 



m\ 



Ml) 



A 



5 2 
V 



(30) 
(31) 
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FIG. 1: Constraints from the unitarity and vacuum stability bounds for Ai = mf l /(2v 2 ) ~ 0.13 and A5 = 
in the A4-AA plane. 




FIG. 2: Constraints from the unitarity and vacuum stability bounds for Ai = mf L /(2v 2 ) ~ 0.13 in the A4-A5 
plane. We take Aa = 1-5 for the left panel and Aa = 3 for the right panel with Aa = A 2 = A 3 . 



In the limit of v/\jv^ — > 0, the four mass parameters of the triplet-like Higgs bosons are determined 
by two parameters. Eqs. (I30p and pip can be regarded as the consequence of the global symmetries 
which are mentioned in just below Eq. (jlip . 

From now on, we discuss the constraints from the unitarity and the vacuum stability. The 
condition for the vacuum stability bound has been derived in Ref. [25(, where we require that 
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the Higgs potential is bounded from below in any direction of the large scalar fields region. The 
unitarity bound has been discussed in Ref. 



2aj in the Gerogi-Machacek model 



the HTM. The unitarity bound in the HTM has also been discussed in Ref. 



271 ] which contains 



The necessary and sufficient condition for the requirement of the vacuum stability is given 



by 



25] 



Ai > 0, A 2 + MIN 



A3, 



>0, 



A 4 + MIN[0, A 5 ] + 2MIN[ v / Ai(A 2 + A 3 ), y/\i(\ 2 + A 3 /2)] > 0. 



(32) 



The definition of the dimension less scalar coupling constants used in Ref. [251 ] are different from that 
of ours. Conditions listed in Eq. (I32h are correct in our notation. When we take Aa = A 2 = A3 > 0, 
these inequalities can be written as the simple form; 



Ai > 0, A A > 0, 2v / 2AiAa + A 4 + MIN[0, A 5 ] > 0. 



(33) 



In the unitarity bound, we require that the matrix of the S-wave amplitude for the elastic 
scatterings of two scalar boson states (y?3¥>4|ao|¥>iy>2) are satisfied the following condition; 



\{<P3P4\ao\<PiP2)\ < 1 or |Re((/?3(/?4|a |^i^2)| < 



1 



(34) 



where ipi denote the NG bosons and the physical Higgs bosons. In the HTM, there are 35 pos- 
sible scattering processes, i.e., 15 neutral channels, 10 singly-charged channels, 7 doubly-charged 
channels, 2 triply-charged channels and one quadruply-charged channel. Thus, there are 35 corre- 
sponding eigenvalues, but some of them have the same expressions. In fact, 12 eigenvalues can be 
regarded as independent eigenvalues, these are 

yi = 2X 1 , y 2 = 2(A 2 + A 3 ), y 3 = 2A 2 , 

yf = Ai + A 2 + 2A 3 ± a/a? - 2Ai(A 2 + 2A 3 ) + \ 2 2 + 4A 2 A 3 + 4A§ + Af , 



y f = 3A1 + 4A 2 + 3A 3 ± \J9\1 - 6A!(4A 2 + 3A 3 ) + 16A| + 24A 2 A 3 + 9A§ + 6X 2 4 + 2A|, 
y& = A4, 2/7 = A 4 + A 5 , y s = ^(2A 4 + 3A 5 ), y 9 = ^(2A 4 - A 5 ), y w = 2A 2 - A 3 . 



The unitarity constrains by the following condition: 



\Vi\ <C, i = h 



10, 



(35) 



(36) 



where C is the upper limit for these eigenvalues. In Eq. (|34j) . when we impose the former (latter) 
condition to the S'-wave amplitude, this corresponds to £ = 16-7T (8tt). In our numerical analysis for 



11 



the constraint from the unitarity bound, we take both the cases with £ = 8ir and £ = 16tt. These 
eigenvalues can be rewritten as a simple form by using Aa(> 0) by 

Xl = 3Ai + 7A A + J(3Xi -7A A ) 2 + ^(2A 4 + A 5 ) 2 , (37) 
X2 = I(2A 4 + 3A 5 ), (38) 
^3 = ^(2A 4 -A 5 ). (39) 

In Fig. [H the excluded regions by the unitarity bound and the vacuum stability condition are 
shown for A5 = and Ai = mf l /(2v 2 ) ~ 0.13 in the A 4 -Aa plane. In this figure, the solid black 
(red) curve and the black (red) arrow indicate the excluded regions by the unitarity bound with 
£ = 8ir (167r). The left-side regions from the blue dashed curve are excluded by the vacuum 
stability bound. It can be seen that in the case with larger Aa values, the vacuum stability bound 
(unitarity bound) is relaxed (more severe) compared with the case with smaller Aa values. When 
we take ( = 8ir (I671"), we obtain the constraint of A 4 > —1.4 for Aa — 1.8 (A 4 > —2 for Aa — 3.5). 

In Fig. [21 the excluded regions by the unitarity bound and the vacuum stability condition are 
shown for Ai = mf i /(2v 2 ) ~ 0.13 in the A 4 -As plane. We take Aa = 1-5 (3) in the left (right) panel. 
Excluded regions by the unitarity and vacuum stability bounds are shown by the same way as in 
the Fig. [H In the case with Aa = 1.5 (left), the allowed minimum value for A 4 is about —1.3, in 
which A5 is constrained to be < A5 < 10 (33) for £ = 8tt (167r). In the case with Aa = 3 (right), 
the allowed minimum value for A 4 is about —1.7, in which A5 is constrained to be < A5 < 20 
for £ = 16-7T. For Aa = 3, there is no allowed regions by the unitarity bound with £ = 8ir, so that 
the black curve does not appear in the right plot. In both cases with Aa = 1-5 and Aa = 3, when 
A 4 is taken to be a negative value, negative values for A5 are strongly constrained by the vacuum 
stability bound; i.e., the mass hierarchy of m#++ > m H + > rriA is disfavored in that case. 



III. RENORMALIZATION 



In this section, we define the on-shell renormalization scheme in order to calculate the one-loop 
corrected electroweak precision parameters and also the SM-like Higgs boson couplings: hZZ , 
hWW and hhh. First, we discuss the renormalization of the electroweak sector to calculate the 
renormalized W boson mass, which can be used to constrain parameters such as the triplet-like 
Higgs boson masses in the HTM. Second, we consider the renormalization of parameters in the 
Higgs potential. 
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A. Renormalization of the electroweak parameters 

The renormalization prescription in models where the tree level rho parameter: pt Tee is predicted 
to be unity such as the SM is different from that in models without ptree = 

1 such as the HTM. 

Therefore, we separately discuss the renormalization prescriptions in models with p t rce = 1 and 
those with p tree / 1 in order to clarify the difference between two prescriptions. 



1. Models with p tre e = 1 



We first discuss the renormalization of the electroweak precision parameters in models with 

in detail. In this 



Ptree = 1 based on the on-shell renormalization prescription discussed in Ref. 
class of models, the electroweak parameters are described by three independent input parameters. 
For instance, when we choose mw-t m z and a era as input parameters, all the other parameters are 
written in these parameters; 



S W 



Gf 



1 



m 



w 



2 ' 



m z 



\/2m 



(40) 
(41) 



WW 



In the renormalization calculation, we shift all the input parameters into the renormalized 
parameters and the counter-terms. Once we specify the input parameters, all the counter-terms 
are also described by the three counter-terms which are associated with the three input parameters. 
We shift all the parameters in the kinetic Lagrangian as follows 



m^r -)• rayy + 5mw, m 2 z ->■ m| + 8m% , a cm -)• a cm + 5a cm , 

B ti ^B ft + hz B , w; -> W£ + l -5z w . 



(42) 



2 ' " M 2 

The wave function renormalization for the photon and the Z boson can be obtained by the shift 



+ 



1 



-5s 2 w 



5Z Zl 8Z^ / 2 *wc w \ Ss 2 w 



A,. 



(43) 



where the counter-terms 5Zz, 5Z^, dZz^ and <5s^ are expressed in terms of the counter-terms 
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defined in Eq. (|42|) as 

SZ Z \( c 2 w s 2 w \ I 5Z W 
5Z 1 ) \ s 2 w c 2 w ) \ SZ B 



(44) 



bZz^ = cwswi^Zw — SZb) = 2 ~ ^2 (fi^z — 5Zj), (45) 
Ss^ _c 2 v ( 5m 2 z Srnly 



2 2 \ 2 2 

The renormalized two point functions for the gauge bosons can be expressed as 



(46) 



%w[p 2 ] 


_ TTlPI ( 2 


) - dmfy + 5Z w (p 2 


tlzz[p 2 ] 


= nFzV) 


-5m 2 z + 5Z z (p 2 - 


n 7 > 2 ] 


= n 7 > 2 ) 


+ p 2 5Z 7 , 


iWp 2 ] 


= n£V) 


- 5Z Zl (p 2 - ^m|) 



~m 2 w ), (47) 
m|), (48) 

(49) 

_ m |Jfl_ (50) 

where Il^y {XY = WW, ZZ, 77 or Zj) are the 1PI diagram contributions to the gauge boson 
two point functions. We here define derivatives of the renormalized two point functions and 1PI 
diagram contributions as W XY [m 2 } = ^^XY[p 2 ]\ p 2 =m 2 and U^(m 2 ) = ^U 1 ^ {p 2 )\ p2=m2 . 
In order to determine the counter-terms, we impose the following five renormalization conditions: 

Refl ww [m 2 w ] = 0, Refl ZZ [m%] = 0, (51) 
ft; 7 [0] = 0, fl Z7 [0] = 0, f ^[q 2 = 0, j/i= 1/2= m e ] = ie lfl , (52) 

where T^ ee is the renormalized "fee vertex. By using these conditions, all the counter-terms in the 
electroweak sector can be determined as 

x 2 o ttIPI t 2 \ x 2 o rrlPI/ 2\ $ a cm ipi' , , 2sw^Zj(®) , ko n 

dm w = ReU ww (m w ), 8m z = ReU zz (m^), = II (0) ^ — , (53) 

a em c w m z 

5Z, = -U^'(0), 5Z Zl = -2^^ + JfHL, (54) 



bz z = -n 7 f(o) - 2(c ^ ~ s2w) n ^ 2 (0) + &iJh:*& 



>W_ 

c w sw m z £% s 2 ^ 

rlPI/ 



^ = -n^(o)-^5^ + *^ > (56) 

77 s w m| 

The counter-term of Ss 2 ^ is also determined by using the relation given in Eq. (|46|) as 

■RenFi(m|) ReU^ w (m 2 w ) 



/is 2 r 2 
~e2~ ~ 72~ 



m 2 z 



(57) 
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Now we can calculate the one-loop level predictions for electroweak observables. The renormalized 
mass of the W boson m^ n as well as the weak mixing angle which is defined in Eq. (|40p s^> n can 
be calculated thorough the Ar parameter which summarizes the radiative corrections as 

na em 1 



m w 



(58) 



V2G F s 2 w l- Ar' 

Ar can be determined from the muon decay process at the one-loop level under the on-shell 
renormalization conditions by 

iW(o) 



Ar 



m 



+ 8vb 



Relief (m|) Ren 



ipi 



ww\ m w 



r) 2s w li% 1 (0) 



in 



w 



c w 



m.r 



+ 



II™ (O)-Ren^i ) 



m 



+ $VB, 



(59) 



where Svb is the vertex and box diagram corrections to the muon decay process, which is given by 



$VB 



6 + 



10 - 10s 2 w - 3m 2 w /(c 2 w m 2 z ){l - 2s 2 w ) 



2 1 



In 



??? 



IJlr 



(60) 



Eq. (I59p can be rewritten in terms of the shift of the fine structure constant Aa em from the electron 
mass scale to the Z boson mass scale, the radiative correction to the electroweak rho parameter 
Ap and the reminding contribution Ar rem as 



Ar = Aa r 



Ap + Ar r 



(61) 



where Aa em , Ap and Ar rem can be expressed in terms of the gauge boson two point IPI functions 



Aa P 



Ap 



-u' yy (m 2 z ) = n^ 7 (o) - n 77 (m|), 
nFi(o) n^(o) 2s w ^(o) 



rrir 



in 



cw 



Ar 

rem — 2 
S W 



TTlPI 



(0) 



rlPI/ 



(i-T 



+ n' (m|) + Vb- 



TTlPI 

LL ww 



(0) 



Ren lpI ^ 2 



WW 



m 



w 



m 



w 



(62) 
(63) 

(64) 



We note that light fermions can contribute to Aa by the logarithmic power of their masses, but 
heavy particles such as the top quark are suppressed by their inverse quadratic power, so that 
we can neglect these effects to Aa em . Mass splitting among the particles belonging to the same 
isospin multiplet can contribute to Ap by the quadratic power; e.g., the m 2 dependence appears in 



Ap. This quadratic mass dependence can be regarded as the effect of the violation of the custodial 
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symmetry. The renormalized W boson mass m]^ 1 and the weak mixing angle s^ n can be calculated 
through Ar as 



KT) 2 = ^ 



1 + 4/1 



4-7ra r 



V2G F m%(l - Ar) 



1 ren\2 

! \ S W ) 



1 



47ra r 



V2G F m 2 z (l - Ar) 



(65) 



Notice that mw written in the right-hand side of Eq. (|59p is calculated by using the three ex- 
perimental input values a em , Gf and mz via the tree level relation expressed in Eqs. (|4"0|) and 

EH). 

We here discuss the other definition of the weak mixing angle which is so-called the effective 
mixing angle denoted by sin 9 eS . This is defined by the ratio of the effective coupling constants g v 



and g A in the neutral current vertex at the Z boson resonance as follows 



29(: 



sin 



2nf 
7 eff 



4|Q/| 



May) 
Ma A ) 



(66) 



where 



4 



1 - Ar 



1/2 



P 



l + W zz (ml) 

1 - Ar 
l + IL f zz (m%) i 



v, + 2 QfSW c w 2 nz ; (m f } 2N + K"Wz> 

z I I i irv->^ 1 



m z + n 77 (m^) 



1/2 



[a / + Af / (m|)]. 



(67) 
(68) 



In Eqs. dSZD and §E§, A y ff {A Z A n ) is the one-loop contribution to the coefficient of the vector 
(axial vector) part of the renormalized Zff vertex: 



and 



* 2swcw 



1»{Vf - 75' 



A v ff = A Z V " - v f U^{m}) - B/ n^(mJ) - a f 
AJ" = Af - a/ n^(mJ) - «/n^(mJ) - a/ 



with = - 2QfSw, a f = If> 



Cw n^(o) 



% m z 



Cw n^(o) 



(69) 



(70) 

(71) 
(72) 



where A v ^ (A^^) and Ilyj (Ha*/) are the vector (axial vector) part of the 1PI diagram contribu- 
tions to the Zff vertex and the fermion two point functions, respectively. By using Eqs. (|66p - (|7ip . 
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sin 2 6^ s can be expressed as 



sm 



2nf 
7 eff 



4|Q/| 



i _ YL 

a f 



1 + 



2Q f s w c w (W-r faz) $s 



w 



rrir 



swcw 



+ 



/ n ipi 



A,/ 



K) 



(73) 



2. Models without ptree = 1 

In this class of models, electroweak parameters are not described by the three input parameters 
such as mw, mz and a cm in the SM, but they are described by four input parameters, because 
the relation of mw/mz = cos 8w does not hold. Therefore, we need one extra input parameter in 
addition to above three parameters. We here discuss two different renormalization schemes, where 
we call them as Scheme I and Scheme II. 

In Scheme I, four input parameters are chosen from electroweak precision observables, i.e., mw, 
m/, a e m and the effective mixing angle sin 2 9^ s defined in Eq. ([73"]) for / = e. We denote the weak 
mixing angle defined by the effective angle as s 2 ^ = sin 2 0| ff (c w = 1 — s w ) to distinguish from the 
other definitions. This scheme has been first proposed in Ref. [l^]. In this scheme, the additional 
renormalization condition can be set by requiring the effective mixing angle is not changed from 
the tree level prediction. Namely, we impose 



Re(g 



Ve 
a, 



This reads 



£s 2 
s 2 



c w 1L Z~f 



s w 



m- 



+ 5y , With S'y 



2 s 2 



A Zee 

7 V 



Af e | v\ 



v e a e 



-n 



ipi, 

Ae 1 



m„ 



(74) 



(75) 



Using the 5s w determined by Eq. ([75]) instead of Eq. ([57]) . we obtain the formulae of Ar as 



Ar Scheme 1 — /\ a _|_ Ar^ 6 me \ 



(76) 



where Aa cm is defined in Eq. (|62|) . There is no Ap term in the expression of Ar Schemc , because of 
the renormalization condition of s w . Thus, the m 2 dependence in Ar Schemc 1 vanishes in Scheme I. 



In Eq. tnm , Ar 



„ Scheme I 



IS 



Ar 



Scheme 1 



n^(o) 



ReH lpI '~ 2 



WW 



+ n^'(m|) 



m 



w 



+ 



cw 
sw 



2n^(0)-Ren^(m|) 



lPii 



+ $vb - $'v- 



(77) 
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The one loop corrected W boson mass is calculated as 

The numerical evaluation of the renormalized W boson mass given by Eq. (|78p has been done in 
Ref. 0]. It has been found that the mass of # ±=b is of 0(100 - 200) GeV, with Am to be a few 
hundred GeV and i>a of several GeV are preferred by the electroweak precision data. 

Next, we discuss the renormalization in Scheme II in the HTM. In this scheme, three of four 
input parameters are chosen from the electroweak precision observables, i.e., myy, mz and a cm 
such as the SM. The other one is chosen from the mixing angle B' between the CP-odd Higgs boson 
A and the NG boson G° defined in Eqs. (|14p and (|15p . The counter-term of the mixing angle 50' 
can be determined by the conditions: 

fl AG [0] = fl AG [m 2 A ] = 0, (79) 

where TIag is the renormalized two point function of the G°-A mixing given in Eq. (|107p . The 
other counter-terms are determined by the same renormalization conditions given in Eqs. (|5ip and 
(|52p as in the SM. In this scheme, the weak mixing angle is not the independent parameter, but it 
is determined by 

cos 2 = "f^.y (80) 

" l Z\ 1 "r L /3'/ 

In order to distinguish the definition of the weak mixing angle in this scheme from the other 
definition, we introduced c 2 ^ (s 2 ^ = 1 — c 2 ^). The counter-term for the weak mixing angle is 
obtained by imposing Eq. 

"Ren^(m|) Ren^(m 2 / ) 2cp,s p , 



£^2 - hr 2 - 
0S W — -0C W — — 2 2 



m|(l +C 2 ] 



-53' 

mi mi, 1 + c% 



(81) 



We note that Eqs. pUj) and (jl6|) can be reproduced by taking sp — > (or «a — >■ 0) from Eqs. (fHOj) 
and (|81|) . The expression for Ar can be obtained in the same way as in models with ptree = 1 ; 

Ar Schemc II = Aa _ ^W Af) + Ar Scheme H (g2) 

where Aa and Arj? e c m cme 11 are given by the same formulae in Eqs. ([62]) and (fM|) . but s\y and c^k 
should be replaced by s~w and cV- Ap can be expressed as 

n^_nfW0)_^5^_^^. (83) 

m^ ciy m| 1 + ci 
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The quadratic mass dependences due to the custodial symmetry breaking such as mf appear in 
Ar Scheme II t h rou gh Ap. The one loop corrected W boson mass can be calculated as 



( m Vy n )lcheme II 



m 2 (l + c 2 ] 



1 + 4/1 



TTCa c 



1 + cfr V2G F m 2 z (l - Ar Schcmc 11 ) 



(84) 



In the following, we show numerical results for the renormalized Ar and mjy in both Scheme I 
and Scheme II in the HTM. The measured mass of the W boson is given by 



m e ^P = 80.385 ± 0.015 GeV. 



(85) 



We use following input values from the experiments: 



a~ m = 137.035989, Aa fcrm = 0.06635, G F = 1.16637 x 10~ 5 GeV" 2 , m z = 91.1876 GeV, 
a s = 0.118, m t = 173.5 GeV, m b = 4.7 GeV, m h = 126 GeV (86) 



oop 



where Aaf erm is the light fermion contributions to Aa [5J. The QCD corrections to the fermion- 
contributions to the gauge boson two point functions are taken into account according to Ref. 
In Scheme I, we use s 2 ^ = 0.23146 as the forth low energy input. In Scheme II, we fix p expressed 
in Eq. (|24p or v& as an additional input parameter. Fermionic two- loop corrections to Ar Scheme 11 
is added as Ar}"^ = 0.002856 31f] . We assume the mass relations among the triplet-like Higgs 
bosons expressed in Eqs. (130p and (|3 If) , so that the four triplet mass parameters can be determined 
by fixing two input parameters. We choose the mass of the lightest triplet-like Higgs boson mutest 
and the parameter £ or Am defined by 



£ = m 2 H++ - m 2 H+ = m 2 H+ - m 2 A , Am = m H + - m hghtcst , with m H = m A , (87) 

instead of specifying two masses of the triplet-like Higgs bosons. By the definition given in Eq. (18711 . 
Am is positive, but the sign of £ depends on the mass hierarchy among the triplet-like Higgs bosons. 
When {A and H) is the lightest of all the triplet-like Higgs bosons, i.e., m A > m u+ > m H++ 
(mA < m H + < m H ++), then £ is negative (positive). We call the former case (latter case) as 
Case I (Case II). These two parameters £ and Am are related to each other by the equation: 
£ = = F(2mii g htest + Am) Am (a negative sign for Case I and a positive sign for Case II). In addition 
to these input parameters written in the above, we input the mixing angle a. But, we select A4 as 
an input parameter instead of a. In that case, a is determined by 



a 



arcsm 



2v&v 
m\-m 2 A 



A 4 + 



2m^ 



4m 



H+ 



+ 0(v 2 A /v 2 ) 



(88) 
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FIG. 3: Left (Right) plot shows Ar (the renormalized W boson mass m^ n ) calculated in Scheme I as a 
function of mnghtest for each fixed value of £. In both the plots, we take = 0.23146 and A 4 = 0. In the 
right plot, the SM prediction is shown as the green dashed line, and the orange shaded regions are indicated 
the region within the 2a error bar of the measured W boson mass. 



In Fig. O Ar (left panel) and the renormalized W bosons mass (right panel) are shown 

as a function of the lightest triplet like Higgs boson mass mutest in Scheme I for each fixed value 
of £ in the case of A4 = and Sy^ = 0.23146. In some regions of mnghtest) some curves are not 
displayed where the absolute value of the argument of arcsin in Eq. ()88[) is larger than 1. It is 
seen that the predictions for Ar as well as m^> n are asymptotically close to those in the case of 
£ = in the large mughtest region. The asymptotic value of m™? is not coincident with the SM 
prediction, which is displayed as the green dashed curve. This is because the central value of 
is different from that value predicted in the SM. In other words, the triplet VEV is predicted by 
the four electroweak precision data, and it is order 1 GeV by using the central value of Syy. Thus, 
the discrepancy between the prediction of in the HTM calculated in Scheme I and that in the 
SM is caused by such a non-zero value of the triplet VEV. 

In Fig. [H numerical values of Ar (left panel) and the renormalized W bosons mass m^ 1 (right 
panel) are shown as a function of the lightest triplet like Higgs boson mass mnghtest in Scheme II 
for each fixed value of £. We take A4 = and fi = 5 GeV. In some regions of ^lightest; some curves 
are not displayed where the absolute value of the argument of arcsin in Eq. (|88l) is larger than 1. 
It is seen that the predictions for Ar as well as m^> n are asymptotically close to those in the case 
of £ = in the large mnghtest limit which is coincident with the SM prediction. 

In Fig. 02 the renormalized W boson mass calculated in Scheme II is shown as a function of 
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FIG. 4: Left (Right) plot shows Ar (the renormalized W boson mass m^ n ) calculated in Scheme II are 
shown as a function of mughtest for each fixed value of £. In both the plots, we take = 5 GeV and A4 = 0. 
The SM prediction is shown as the green dashed line The orange shaded regions are indicated the region 
within the 2a error bar of the measured W boson mass. 
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FIG. 5: Left (Right) figure shows the renormalized mw calculated in Scheme II a function of miightest m the 
case of A4 = and va = 1 MeV (5 GeV) for each fixed value of £. The SM prediction is shown as the green 
dashed line. The orange shaded regions are indicated the region within the 2a error bar of the measured W 
boson mass. 



^lightest in the case with A4 = for each fixed value of £. In the left (right) plot, the triplet VEV 
va is taken to be 1 MeV and 5 GeV, respectively. The orange shaded regions are indicated the 
region within the 2a error bar of the measured W boson mass. In the case with va = 1 MeV (left), 
the prediction of mw in the large mwhtest is close to the SM prediction. However, in the case with 
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FIG. 6: The renormalizcd mw calculated in Scheme II as a function of Am for both Case I (mjj++ < 
m H + < tua) and Case II {m H ++ > m H + > tua) in the case of mughtest = 300 GeV. In the left, center and 
right panels, A4 are taken to be —1.6, and 5, respectively. The SM prediction is shown as the green dashed 
line. The orange shaded regions are indicated the region within the 2a error bar of the measured W boson 
mass. The solid, dashed and dotted curves respectively show the cases with ua = 1 MeV, 5 GeV and 10 
GeV. The cross marked points are indicated the upper limit of Am from the theoretical bounds which is 
obtained by taking Aa = 3. 



va = 5 GeV (right), the asymptotic value of mw is not agree with the SM prediction. 

In Fig. [6J the renormalized mw calculated in Scheme II is shown as a function of Am in the case 
of m-iightcst = 300 GeV. In the left, center and right panels, we take A4 = — 1.6, and 5, respectively. 
In all the figures, the solid, dashed and dotted curves respectively show the case with v& = 1 MeV, 
5 GeV and 10 GeV. In fact, the predictions in the cases with v A = 1 MeV and vj\ = 1 GeV are 
almost the same, so that the result in v A = 1 MeV can be regarded as that in v A < 1 GeV. It 
can be seen that the dependence of A4 to mw is quite small. We find that in Case I (Case II) 
the mass difference Am is constrained by the electroweak precision data to be < Am < 50 GeV 
(0 < Am < 30 GeV) for v A < 1 GeV, 40 GeV < Am < 60 GeV (30 GeV < Am < 50 GeV) for 
VA = 5 GeV and 85 GeV < Am < 100 GeV (70 GeV < Am < 85 GeV) for v A = 10 GeV. 



B. Renormalization of the Higgs potential 

Next we discuss the renormalization of the parameters in the Higgs potential. We here choose 
the set of input parameters in the Higgs potential as [3] 



v, a, /3, P', m 2 h , m 2 H , m\, m 2 H+ , m 2 H++ . 



(89) 



22 



We work on the mass eigenbasis for the Higgs fields. Now we define the shift of the parameters as 

T$ -> + 6T$, T A -> + 5T A , (90) 
v -> « + 5v, a^a + 5a, -> P + 5/3, -> /3' + 5/3' (91) 
+ £m£, (92) 

where 99 = h, H, A, H + and H ++ . In fact, /3 and /3' are not independent from each other, so that 
the counter-terms 5/3 and 5/3' are also not independent 1 . We start from the mass eigenstates for 
the Higgs fields at the tree level. The wave function renormalization factors are defined as 

l + \5Z G+ 5/3 + 5C GH 
-5/3 + 5C HG l + \5Z H+ 

1 + ±5Z G o 6(3' + 5C GA 
-5/3' + 5C AG l + \5Z A 

1 + \5Z h 5 a + 5C hH 
-5a + 5C Hh l + \5Z H 

Hereafter, we set 5ChH = ^Cjjhi 5C G h = 5Chg and 5C G a = 5Cag without loss of generality. The 
counter-term of 5v can be determined by the renormalization of the electroweak parameters as 

Sv = 1 / 5m\ v _ 5a cm 5s^\ 
v 2 V m 2 w a em s 2 w ) ' 








)( 


:r.) 


) 









)l 


::) 







(93) 



where counter-terms of Smfy and 5a em are given in Eq. (|53p and that of Ssyy is given in Eq. (|8ip . 
At the one-loop level, one point functions of h and H are given by 

T/j = <5T$ cos a + 5T A sin a + T^ PI , (95) 

Th = —6T$ sin a + 5T A cos a + T^ PI , (96) 

where T^ PI and T^ PI are contributions of one-particle-irreducible diagrams. The condition of 
vanishing the tadpoles at the one-loop level provides 

<5T$ = -T h lpI cos a + Tjf 1 sin a, (97) 

5T A = -T h lpI sin a - Tjf 1 cos a. (98) 



1 The counter-terms 5/3 and 8/3' can be written in terms of Sv and Sva as 5/3 = ^ \J~ 2v 2 /v 2 (^a^ ~ an< ^ 
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Similar to the gauge boson two point functions, renormalized two point functions for scalar 
bosons can be expressed as 11^ [p 2 ] and 1PI diagram contributions can also be denoted by H^(p 2 ). 
Derivatives for those functions can be defined as f[^[m 2 ] = ^n</></>(p 2 )| p 2_ m 2 an d ITj^ 1 ' [m 2 ] = 

d TTlPIf 2\| 

dpZ Ll 4>4> \M )\p2 =m 2- 

The renormalized scalar boson two point functions are given at the one-loop level by 

W- b 2 ] = (P 2 ~ m 2 H++ )8Z H++ - 8m 2 H++ + + U^h- (p 2 )> (") 

S/3 V 

fl H+ H- b 2 ] = (P 2 ~ m% + )SZ H+ - 8m 2 H+ + fl^± + ^S^A + n iPi ^ (100) 

C/3 V S/3 V 

n G+G" b = P <^G+ + — + n G+G- P)' ( 101 ) 

*W] = (P 2 - m\)5Z A - 8m\ + + ^4^a + (1Q2) 

Cp V S/3 V 

ticciP 2 ] =P 2 5Z GO + **** + 4^ + n^(p 2 ), (103) 

C/3 V S/3 v 



flMb 2 ] = (P 2 " m 2 ,)^ - 8m\ + + + tfP H {p% (104) 

C/3 V S/3 V 

fl hh \p 2 ] = {P 2 ~ ml)8Z h - 8ml + ^ + + II^V)- (105) 

C/3 V S/3 V 

The renormalized two point functions for the scalar boson mixing are given by 



p5T<s, - V2c/38Ta 2 so , rrlPI 



6 ff+G - b 2 ] = SC HG (2 P 2 -m 2 H+ )- S ^ + m\ + 8fi + TSg? B _ { P % (106) 

IlAGb 2 ] = *C AG (2p 2 -m\)-^ r 5 ^ + + mW + n ^ ( p 2 ), (107) 

V2S/3 f C/3 u 

~ 2 c a s a y/2cp5T A - SpST® 2 2 \ 

n Hhb = - m#) 

C/3 S/3 U 

+ £CW(2p 2 -m 2 h - m 2 H ) + n^(p 2 ), (108) 

The counter-terms of the doubly-charged Higgs boson mass 8m 2 H++ and its wave function renor- 
malization factor 8Z H ++ are determined by the following renormalization conditions: 

fl H++H - [m 2 H ++] = 0, [™ 2 h++\ = 0, (109) 

which yield 

8m 2 H++ = + U^l +H ..(m 2 H++ ), 8Z H++ = -U^l' +H ..(m 2 H++ ). (110) 

The five parameters related to the CP-odd scalar states (Sm^, 8Z G o, 8Z A , 8C G a and S/3') are 
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determined by imposing the following five renormalization conditions 



fl A A[m 2 A }=0, U' AA [m 2 A ] = 0, 

% G [0] = 0, U AG [0] = 0, U A G[m A ] = 0. 



(HI) 
(112) 



by which we obtain 



5m A 



s % 5T§ y/%£gi <5Ta 



+ 



+ ni p i(m^), 



Cj3 v sp v 



SZ G o = -U G 2 (0), 5Z A = -Ufi (m A ), 
6CaG = 2^ ^ (0) " ^ m A)] , 
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1 



2m\ 



S/3 V 



C/3 V 



(113) 

(114) 
(115) 

(116) 



The four counter-terms related to the singly-charged Higgs boson (5m 2 H+ , 5Z G +, 5Z H + and 5C G h) 



are determined by imposing the following four renormalization conditions 

- 0, U HG [0] = 0, 



(117) 
(118) 



by which we obtain 



5m 



Cy3 f S/3 U 



ii 



SZ. 



_ TTlPI' 



-n^ G -(o), 5z H+ = -n#VKf+)> 



5C HG = $P + 



1 



m 



H+ 



n 



ipi 

H+G 



(0) 



-sp8T<s> + y/2cp5T^ 



(119) 
(120) 
(121) 



where 5/3 is determined through <5/3' as 



5/3 



1 + 4 , 



(122) 



Finally, the six parameters related to the CP-even Higgs states (5a, 5m\, 5m 2 H , 5Z^, 5Zh and 
5Cnh) are determined by imposing the following six renormalization conditions 



U hh [m 2 h }=0, IL' hh [rn 2 h }=0, 
U HH [m 2 H } = 0, U' HH [m 2 H ] = 0, 
flHhhl] = 0, U H h[m 2 H ] = 0, 



(123) 
(124) 
(125) 
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by which we obtain 



_ 5J\ c\ , V25T A si 



5T& \/2<5Ta ipi , o \ / 1 o«^ 

+ + n H H("iH). ( 126 ) 



6Z h = -tiff {raft, 5Z H = -U^(mj 1 ), 



5a 



5C 



Hh 



2{m\ - rnjj) 



2(m 2 h - m 2 H ] 



[^(m%) - U^(m 2 )] . 



2s a c a / 5T$ 



SB 



V sp 



(127) 
(128) 

(129) 



In the limit of v&/v — > 0, the mass of A is no more independent parameter, which is determined 
by the masses of and . In this limit, the CP-odd Higgs boson mass is expressed at the 
tree level as 



(raiW = lim m\ = 2m 2 H+ - m 2 H++ . 



(130) 



The renormalized pole mass of A, which has been discussed in Ref. [20J], can be defined by the 
following equations 



lim tl AA \p 2 = (m^)p ie] = 0. 



From Eq. (|131[) . we obtain 



(rai)polc - {m 2 A )tree + 



l + 5Z A 



5m 2 A - — - U A p }[(m 2 A ) trec ] 
va 



(131) 



(132) 



where we use n^ J 4[(m^) po i e ] — ^^[(m^tree]- The counter-term 5m A is not independent param- 
eter in the limit of v/±/v — > 0, but they can be given by 5m 2 A = 25m 2 H+ — 5m 2 H++ . By using 
Eqs. (fTT0|) and (fTTUj) . we obtain 



(m 2 A ) pole ~ (m^)^ + [2Ujg H -(m 2 H+ ) - U^l +H ..{m 2 H++ ) - n A p }[(m 2 A ) tiee \] . 



(133) 



Above the equation indicates that the tree level mass relations among the triplet-like Higgs bosons 
which are written in Eqs. (|30|) and (|3ip can be deviated by the effects of the radiative correction. 
The magnitude of this deviation can be parameterized as 



AR 



in 



2 H+ — (m^)p i e 



1. 



(134) 



In Ref. [20J, AR has been evaluated numerically in the case of a = and v/\/v — > as shown in 
Fig.0 
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FIG. 7: AR is shown as a function of the lightest triplet-like Higgs boson mass in the case of a = and 



rrih = 125 GeV for each fixed value of m H ++ — m H + 
(Case II). 



20| . The left (right) panel shows the results in Case I 



IV. HIGGS COUPLINGS AT THE ONE-LOOP LEVEL 



In this section, we discuss the SM-like Higgs boson h couplings with the gauge bosons (77, 
W 1 "! 7 ^ - and ZZ) and the Higgs selfcoupling hhh at the one-loop level in the favored parameter 
regions by the unitarity bound, the vacuum stability bound and by the measured W boson mass 
discussed in previous sections. 



A. Higgs to the diphoton decay 

First, we discuss the decay of the Higgs to diphoton channel: h — > 77, which is important in 
the Higgs boson search at the LHC. The current experimental value of the signal strength for the 
diphoton mode is 1.8 ±0.5 at the ATLAS |l] and 1.6 ±0.4 at the CMS This process is induced 
at the one-loop level, because the Higgs boson does not couple to the photon at the tree level. 
Thus, the decay of h — > 77 is sensitive to effects of new charged particle which can couple to the 
Higgs boson. In the HTM, the doubly-charged Higgs boson and the singly-charged Higgs 

boson can contribute to the Higgs to diphoton decay. In particular, the contribution from the 
# ±=t loop to the h — > 77 is quite important compared to that from H^, because contribution 
is roughly 4 times larger than that from contribution at the amplitude level. 
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The decay rate of h — > 77 is calculated at the one-loop level by 
G F a 2 em m\ 



T(h -> 77) 



2 7^E iV /^/[ 1 + ( 1 - T /)/( T /)] 



2 2vA ff+ +^-- /l 2 2v\ H + H - h 

~ Qh++ 2 i 1 ~ T tf++/( T H++)J - Q H + 2 1 1 ~ T H+J{Th+)\ 



128\/27r 3 

+ (c/3C Q + \f2s a sp)[2 + 3t w + 3rvy(2 - Tw)f{rw)\ 

2 

, (135) 

where the function f(x) is given by 

{[arcsinfl/A/x)! 2 , if x > 1, 
L V /V 7J " . (136) 

-J^S^Ef-™] 2 . ifx<l 

In Eq. (|135p . Qf is the electric charge of the field F, Nj is the color factor and Tp = Arrip/m^. 
In the HTM, the coupling constants ^H++H--h an d ^H+H-h are given without any approximation 
in Eqs. (|A3|) and (|A5|> . respectively. These couplings can be expressed quite a simple form by 
neglecting the terms proportional to V/\: 

v 

*H++H—h - ~ vX 4, ^H+H-h - ~2( 2A 4 + A 5 ). (137) 

It is well known that the W boson loop contribution to the h — > 77 decay rate is dominant 
compared to the top quark loop contribution in the SM, so that when a new physics effect to the 
amplitude of the h — >■ 77 process has the same sign of the W-loop contribution, then the decay 
rate is enhanced compared with the SM prediction. In the HTM, when the sign of the coupling 
^H++H--h 1S positive (negative), then the loop contribution has the same (opposite) sign of 
the W loop contribution, which can be achieved by taking A4 to be a negative (positive) value [321 ]. 
From Eq. (|137p . it can be seen that the A5 coupling only affects to the singly-charged Higgs boson 
coupling with h: ^H+H-hi so that the h — > 77 decay rate is not sensitive to the magnitude of A5. 
In other words, the mass difference among the triplet-like Higgs boson is not so important in the 
h — > 77 decay process as long as we keep a fixed value of m#++ . 

In this subsection, we study the deviation of the h — > 77 event rate in the HTM from that in the 
SM taking into account the constraint from the perturbative unitarity, the vacuum stability and 
the electroweak precision data. We also investigate the correlation between the h — > 77 decay rate 
and the hhh, hWW and hZZ couplings at the one-loop level. To compare the Higgs to diphoton 
event rate from the SM prediction, we define 

R = °(gg ~> h)uTM x BR(h -)• 77)htm 
77 ~ a(gg -»• h) SM x BR(h -> 77) SM ' 
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FIG. 8: Contour plots of R 11 for va = 1 MeV and mughtest = 300 GeV in the A4-A77J plane. The left panel 
(right panel) shows the result in Case I (Case II). The blue and orange shaded regions are excluded by the 
vacuum stability bound and the measured m\y data, respectively. 



where a(gg — > h) mo d e l is the cross section of the gluon fusion process, and BR(/i — > 77) mo dci is 
the branching fraction of the h — > 77 mode in a model. In fact, the ratio of the cross section 
a (99 ~^ h)nTM/^(gg — > h)sM can be replaced by the factor c^/c|. 

In Fig. El we show the contour plots of i? 77 for v& = 1 MeV and mnghtcst = 300 GeV in the A4- 
Am plane. The left panel (right panel) shows the result in Case I (Case II). The blue and orange 
shaded regions are those excluded by the vacuum stability bound (assuming Aa = 3) and the 
measured mw data, respectively. In both cases, .R 77 can be greater (smaller) than 1 for negative 
(positive) values of A4. In Case I, no large Am dependence appears, while in Case II i? 77 slightly 
depends on Am due to the larger values of mjj++ which affect i? 77 via Am. Under the constraint 
of the vacuum stability and the electroweak precision observable mw, larger Am can be allowed 
in Case I than in Case II. We find that predicted values of -R 77 are about 1.3 (about 0.6) in this 
case when A4 is about —1.7 (about 3) in both Case I and Case II. 

B. Renormalized hVV coupling 

The most general form factors of the hVV coupling (V = or Z) can be written as 

M^v = M? vv g^ + M% vv ^ + iM^ vv e^^^, (139) 
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where my is the mass of the gauge boson V, pi and P2 are the incoming momenta of V . The 
renormalized form factors are given by 



Mt vv = M^Z+SMt vv + M^, (i = l-3). (140) 
The tree-level contributions for these form factors are 

C W = M 3 h Z = 0. (141) 

The counter-term contributions are 

SM >z^^^ + >Zh + 2SZz) + 4v ^ CHh 

+ 1 2] o 2T [ 2 ^A(2^| - 3« 2 )fe A - u(t; 2 - 6«1)H 1 
u (w 2 + 2v^) I 



v 2 + 



4^m| 4(^fa A - 2w A fa) 
2"^ + 2v A (dZ h + 26Z Z ) - v^dCuh H 2 2 



= v^cJ ^L + MZwr + * Zfc + _ 2(^-4,i) fo _ 4^ 5vA 

v 2 [ m 2 w v 2 v v 2 ^ v A J 

v V "% UA V VA J 

5M% VV = 5M% VV = 0. (142) 

We define the following quantity to study the deviation of the hVV coupling from the SM 
prediction: 

_ ReM? vv -ReM? vv (SM) 
A9hVV = ReMp^SM) ' (143) 

where M^ vv = M^ vv (my, (m^ — my) 2 , m^) and M^ y ^(SM) is the corresponding SM prediction. 

In Fig. [9l we show the contour plots for Ag^zz f° r "^lightest = 300 GeV and va = 1 MeV in the 
A4-A771 plane. The left (right) plot shows the result in Case I (Case II). The blue and orange shaded 
regions are excluded by the vacuum stability bound and the measured mw data, respectively. The 
magnitude of the negative corrections is larger for positive larger values of A4 for smaller values 
of Am. For the cases with large Am such as about 30 GeV, the region with positive corrections 
appears. This is the striking feature of the HTM. On the contrary, in multi Higgs doublet models 
the correction is always negative 21[. Under the constraint of the vacuum stability bound and 



the electroweak precision observable mw, larger Am can be allowed in Case I than in Case II. We 
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FIG. 9: Contour plots of Aghzz in Eq. (|143p for mi; g htest = 300 GeV and va=1 MeV in the A4-A771 plane. 
The left panel (right panel) shows the result in Case I (Case II). The blue and orange shaded regions are 
excluded by the vacuum stability bound and the measured mw data, respectively. 



Case I, m,. „ , = 300 GeV, v = 1 MeV Case II, m,. „ , = 300 GeV, v = 1 MeV 

' lightest ' A 1 lightest ' A 




FIG. 10: Contour plots of Aghww defined in Eq. (|143|) for miightest = 300 GeV and t>A = l MeV in the 
A4-A771 plane. The left panel (right panel) shows the result in Case I (Case II). The blue and orange shaded 
regions are excluded by the vacuum stability bound and the measured my/ data, respectively. 



find that Aghzz is predicted to be at most a few %. We can expect that such a deviation will be 
testable at the ILC Q. 

In Fig. [TOl the similar contour plots are shown for Ag^ww with the same parameter sets in 
the same plane. The behavior of Ag^ww i n this plane is similar to that of Aghzz- However, 
the correction can be positive for smaller values of Am. We also show the same constraints from 
the vacuum stability bound and from the electroweak precision observable mw- Magnitudes of 
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FIG. 11: Contour plots of AT hhh defined in Eq. (fTSO]) for mi ightcst = 300 GeV and v A = 1 MeV. The left 
panel (right panel) shows the result in Case I (Case II). The blue and orange shaded regions are excluded 
by the vacuum stability bound and the measured mw data, respectively. 



maximum value of the correction are almost the same those of Aghzz, especially for A4 > 0. 

C. Renormalized hhh counpling 

Finally, we show the numerical results for the deviation of the Higgs trilinear coupling hhh from 
the SM prediction. The renormalized hhh coupling can be expressed as a function of the external 
incoming momenta p\ and P2 and the outgoing momentum q = pi + P2 as 



hhh 



( 2 2 



■ptree . r-p , r>lPI / 2 2 2 
T hhh + ° T hhh + 1-hhhVPl iP2,Q 



(144) 



where the first, second and last terms are corresponding to the tree level, the counter-term, and 

tree 
hhh 



the 1PI diagram contributions, respectively. The tree level contribution T ™t is calculated as 



ptree 
1 hhh 



-6 



1°L _|_ -SU- 
VA 



v 4> 



mi 



v , 



+ 



v 2 + 2v 2 A 



V^Cc 



2v A 



m A 



(145) 
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The counter-term contribution dT^h is evaluated by 



ST 



hhh 
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6m 2 h 



6si 
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2v A 
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6Z h 
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[2v A (2c£ - 4) - 3s a c a n^] >5C Hh 
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VA 
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+ 



±m 2 A s 2 a 
> 2 + 2^) 2 



c a VA(2v A - 3v 2 ) + v^i 



Av 2 A 



+ 2v z 



3_ 

V<j> 



mtv , 



2m 2 4 us 2 



(146) 



(w 2 + 2u A ) 2 

Contributions of the 1PI diagram to the hhh coupling is listed in Appendix B. 

In the limit of va/v — > 0, these expressions are reduced to the same expressions in the SM as 2 



■ptree 
1 hhh 



6T 



hhh 



-3m 2 



36m 2 



9m?„ 3m? . 



(147) 
(148) 



v 2 v 

In this limit, the top quark loop and the gauge boson loop contributions to the 1PI diagram is 
the same as the SM. However, the scalar boson loop contributions can be different from the SM 
case, because the triplet-like Higgs boson loop contributions can be remained even in this limit. 
Approximately, the triplet-like Higgs boson loop contributions can be expressed as 

A 3 



hhh 



3m\ 



1 



487r 2 m 



^H++H- 



3m 2 h 



1 + 



48vr 2 



mr 



m 
A 



+ 



H++ " L H+ 
f\. i As\3 



H+H-h + ^AAh _j_ ^HHh \ 

m 2 A m 2 H J 



+ 



mr, 



(\4 + fy (A 4 + A 5 r , (a 4 + a 5 ) 



m. 



°H++ m H+ 

where dotted terms mean the same correction given in the SM. Therefore, we find that the triplet- 
like Higgs boson loop contribution to the hhh vertex gives a positive (negative) correction compared 
to the SM prediction when A4 is taken to be a positive (negative) value and A5 ~ 0. 

To illustrate the deviation of the hhh coupling from the SM prediction, we define the following 
quantity: 



2m\ 



2m\ 



+ 



(149) 



Ar 



hhh 



rLei hhh 



R r SM 
lu:s - hhh 



(150) 



2 As long as we take A4 to be 0(1) or less and the triplet-like Higgs boson masses to be 0(100) GeV or more, the 
magnitude of the mixing angle a is as large as that of va (see Eq. Q88|)). 
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where Thhh = Thhh(^h^ m h^ m h) and Tf^ is the corresponding prediction in the SM. 

In Fig. [TTI contour plot for the deviation of the one-loop corrected hhh coupling from the SM 
prediction AT hhh defined in Eq. (|150p is shown for mutest = 300 GeV and v& = 1 MeV in the 
\4-Am plane. The left (right) plot shows the result in Case I (Case II). The blue and orange shaded 
regions are excluded by the vacuum stability bound and the measured mw data, respectively. In 
both cases, positive (negative) values of AT hhh are predicted in the case with a positive (negative) 
A4 whose magnitudes can be greater than about +150% (—10%). Such a deviation in AT hhh is 
expected to be measured at the ILC with a center of mass energy to be 1 TeV and integrated 
luminosity being 2 ab _1 [lf|. We note that there is a relations among the one- loop corrected Higgs 
boson couplings /177, hVV and hhh. In particular, a strong correlation can be found in deviations 
in i? 77 and Thhh- If Rjj < 1 (-R77 > 1) which is predicted for A4 > (A4 < 0), AT hhh takes 
sufficiently large positive (negative) values. In conclusion, by measuring these coupling constants 
accurately, we can discriminate the HTM of the other models, even when additional particles are 
not directly discovered. 



V. CONCLUSIONS 



We have calculated a full set of one-loop corrections to the Higgs boson coupling constants 
as well as the electroweak parameters. Renormalization calculations are performed in the 
on-shell scheme, where two different schemes has been discussed in the renormalization of 
the one- loop calculation of electroweak parameters. We have computed the decay rate of the 
SM-like Higgs boson h into diphoton. Renormalized Higgs couplings with the weak gauge 
bosons hZZ, hWW and the trilinear coupling hhh has also been calculated at the one-loop 
level. Magnitudes of the deviations in these quantities from the SM predictions have been 
evaluated in the parameter regions where the unitarity and vacuum stability bounds are satisfied 
and the predicted W boson mass is consistent with the data. There are strong correlations 
among deviations in the Higgs boson couplings i? 77 , Aghvv an d AT hhh- F° r example, when 
i? 77 is predicted by about 1.3 (0.6), Aghvv and AT hhh are respectively predicted as about 
—0.1% and —10% (—2% and +150%). By measuring these deviations in Higgs boson couplings 
accurately, the HTM can be distinguished from the other models. These deviations in the Higgs 
boson couplings may be detected at future colliders such as the LHC with 3000 fb" 1 and at the ILC. 
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TABLE I: The Higgs-gauge-gauge type vertices and those corresponding coefficients. 
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TABLE II: The Higgs-ghost-anti ghost type vertices and those corresponding coefficients. 
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Appendix A: Tree level scalar boson couplings 

In this Appendix, we list the tree level scalar boson couplings. The Higgs-gauge-gauge type, the 
Higgs-ghost-anti ghost type and the Higgs-Higgs-gauge-gauge type vertices and those corresponding 
coefficients are respectively listed in Table HI Table HIl and Table Hill In Table [IV] the Higgs-Higgs- 
gauge type vertices and those corresponding coefficients are listed, where p\ and p2 are the incoming 
momenta of the first and second particles in the vertices column. 

Coefficients for the scalar three-point vertices defined as 



£ — ^10203^1^2^3 ~\ ' 



(Al) 
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TABLE III: The Higgs-Higgs-gauge-gauge type vertices and those corresponding coefficients. 
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TABLE IV: The Higgs-Higgs-gauge type vertices and those corresponding coefficients. 
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4^ 



v 2 + 2u A / j 



+ 



m 2 A 1- 



8v 2 A 



^AG°H 
^AG°h 
^G°G°H 
^G°G°h 
^HHH 
^HHh 

^Hhh 
^hhh 



2va 



2{m\ - m 2 H ] 
v 2 + 2v\ 



v 2 + 2v\ 



m\\\ 



4i4 



v 2 + 2v\ 



(v^C a + VAS a ), 



2(m\ - m 2 ) 

9 , r, 2 V^ACa — V^Sa), 

v z + 2v A 



111 



11 



2(v 2 + 2v 2 ) 



ml 



{-^V A C a + V^S 



2(v 2 + 2v\ 
1 



-(^c a + \vas 



8v A 
1 

2^ 



S2a 

~2v A 



3c Q + c 3c 



4u A 



3 \ _2 



V 4> 



s° a }rnj I + 



(A6) 

(A7) 

(A8) 
(A9) 
(A10) 
(All) 

(A12) 



2va(v 2 + 2v\) 



(v^Ca + 2vAS a )m 2 A , 



(A13) 
(A14) 
(A15) 
(A16) 
(A17) 
(A18) 



2 m h 



S2a + 



V^Ca 



A{v 2 + 2v\) 



3i>w 



2 - 6c 2a H -s 2a m A , 

va J 



(A19) 



V(t, 



m 



H 



2 J A(v 2 + 2v 2 A ) 



3% 



2 + 6c 2Q ^s 2a )m% (A20) 

VA J 



' v A J 2 v 2 + 2t> A 



2w A 



s« m A . 



(A21) 
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Coefficients for the scaiar four-point vertices denned as 



£ = -Vl</>2</>3</>4 01020304 + 



(A22) 



can be written in terms of the physical parameters as follows; 

1 



^H++H—AA 



-v A + 4v 2 v 2 A + 4v% 2 
2{v 2 + 2v A ) mA 



+ \(2v 2 A - v 2 )(c 2 a m 2 H + s 2 a m 2 h ) + ^ A s 2a (m 2 H - m\) 



(A23) 



^H++H — AG 



v A (v 2 + 2v 2 A ) 



4v^m H++ H f{v - v A )m H ^ 



2 T o 2 m A ~ 2c q (^Cq, + VAS a )m H + (-2^s a + VAS2 a )m h 
V + 2f A 



(A24) 



A#+H 



i? — HH 



~~t \ C a m2 H++ + 



-4" (3 + C 2q ) - (1 + C 2a ) 



2 1 V 2 (l +C 2Q ) -4*4 2 
m i?+ + 7 ..2 I n-2 m A 



4 + 2u A 



C a / 3 V A ,\ 2 

+ yI Cq ^J mH+ 2 



"A ^2 

c a i s Q m ft / , 

W0 



(A25) 



«2c 



*h++h — mi 



777 



+ 2 



1 ) 77*4+ + 



1 / f A 



2(> 2 + 2u A 



+ 2i c « + 2^ S2a j m ^-2i^: S2a " s " ,m;; 



(A26) 



^H++H — hh — ~{ ~ s a m2 H++ + ^ 



777 



2(^ 2 + 2v\) 



,2 2tj| 



™4 + 



—c a -s a )mi I -^[sl + ^c 3 a )mi}, (A27) 



6v 4 v 2 A + 16u A _ 2 1,6 - 6vAv A + 12v 2 < 

4v 2 v A (t; 4 -4u A ) 



2u 2 r; A (v 2 + 2v A ) 2 



4u 2 i/ A (v 4 - 4u A ) 



A 



H+H-AG 



(v b - 6v A vi + 12v 2 v A - 16v A )c 2a - 6v 6 A vp2a](m 2 H - m 2 h ), 

1 f 2(v 6 - Av A v 2 A + 8v%) 2 

—m A 



(A28) 



« 2 ^A^(f 2 + 2u A ) | t; 2 + 2u A 

+ (-v 4 + Av 2 v 2 A - 2v 4 A ) (m 2 H + m 2 h ) 

+ [-(u 4 - Av 2 v A + 6v A )c 2a - vav$(v 2 - 4:V 2 A )s 2a ] (m 2 H - m 2 h ) 



(A29) 
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1 

+ 



2v 2 v 2 A (v 2 + 2vl 



2v A + (v 2 - 6v A )c 2a + 4ua^s 2 q] m 2 m 



[(v 4 - 4v 2 v A + 8v 4 A )c a - Sv^v^Sa] m\ 



+ 



+ 



1 

16 



8c 4 



+ 



9 + 4c 2a + 3c 4a 8c a s^ 8s 4 4v a sa 



+ 



s 2c 



8v 2 v A v'l 



1 



,.2„,2 



V A V<p 
,.2„,2 



+ 



-v 4 + 2v 2 v\ + ( V 4 - 6v 2 v 2 A + 8v 4 A )c 2a -^(v 4 - 4v 2 v 2 A + 6v 4 A )s 2c 

VA 



m 



(A30) 



^H+H-Hh = ^4 [-4va^c 2q + (i> 2 - 6u a )s 2 q] m 2 H+ 

1 



+ 



2w 2 u A (w 2 + 2v\ 



A 

S2a 



[8v\v^C2a + {v 4 - Av 2 v\ + 8t; A )s2 a ] m 2 A 



hh 



4v 2 v' A v 2 

S 2 g 

4v 2 v 2 ^v 2 
1 



4v 2 v 2 A + 2v 4 A ) (m 2 H + 



{v 4 - \v 2 v\ + 6v 4 A )c 2a + —(v 4 - 6v 2 v 2 A + 8v 4 A )s 2c 



1 + 



2d 



+ 1 



6V, 



c 2a + 



{m 2 H -m 2 h ), (A31) 



«2a 



m 



+ 



+ 



2 V |( V 2 + 2u A ) 



4t& 8< 



8vavI 



+ 1 



C 2 c 



VA 



4?; 



+ 



6v 



•S2c 



1 

+ I6 



8c 4 



8s a ( va 



- ( — c « + 41+^(9- 4c 2a + 3c 4Q + 



4ua 



-SAc 



m 2 H 



(A32) 



1 



1 



^H+G-hh 



+ 



+ 



V2v 2 { V 2 

(v 2 - 4v\)s a 
VAV<j>(v 2 +2v\) 

s 2a 



[vAV<j,(l - 3c 2a ) + (v 2 - 4u A )s 2 «] m 2 H + 



[v 2 S a - 2v A (v <j} C a + VAS a )} m\ 



AvAVcf, 



\2vaV4,c 2ol - (v 2 - 3t; A )s2 a ] m 2 H 



+ [~3v 2 + 9v A + 4(i> 2 - u A )c2 a - (v 2 - 3v A )c ia - 2v A v rj) s Aa ] m\ 



(A33) 



A 



1 



G+G-AA 



+ 



v 2 + 2v\ 
1 



2i; 2 

o 2 , 4> 2 / 2 i 2 

2m H+ + —m A - -{m H + m h 



Av 2 



2{v 2 - 4v A )c 2a + 



1 



V(j)V A 



4v 2 v 2 A + 12v 4 A )s 2a 



(m 2 H - ml) }, 



(A34) 



40 



^G+G-AG° 



v 2 (v 2 + 2v 2 A ) 



4v A v (j) (m 2 H+ - m\) - VAV<t,(m 2 H + m\) 



+ [-3vAV<f,C2a + (v 2 - ^v 2 A )s 2a ]{m 2 H - m 



h) (i 



(A35) 



Hh 



1 1 

"2 S — [4vAV<f,C2a - 2(v 2 - 3v|)s 2q ] m 



+ 



v v 

1 



2 

H+ 



v 2 + 2v A 

(m^ + m'i) 



3c 2c 



i/ 2 - 4t> A 

VAV<j> 



S2c 



{m\ - m 2 h ) 



^G+G-hh 



+ 
+ 



2sq. 
+ 2?/ A 

S2a 

SvAVtf, 
1 



[v 2 s Q - 2v A (v ( j > c a + v A s Q )] 



[f 2 - (v 2 - 4:V 2 A)c 2a - 3VAV<f,S2a] m 2 H 



16 



8-y 2 c„s?, / Ava 
g + 2_2L + _4c 2q + 3c 4a + — s 4c 



_ « 4 - 8v 2 v 2 A + 12v A 2 
A ^ AAA " 8v 2 A (v 2 + 2v\) 2 mA 

_ v 6 - 6v 4 v 2 A + 12v 2 v A + 8v% ( 
16v 2 A v 2 (v 2 + 2v 2 A ) 2 



-(m 2 H + m 2 h ) 



1 



^AAAG 



l6v 2 A v 2 (v 2 + 2v 2 A f 
1 



[(v 6 - 6v 4 v 2 A + 12v 2 v 4 A - 24v A )c 2a - S^^cJ 

V 4 + 4u 2 v 2 A 2 



m 



v A (v 2 + 2?;^ 



2 \2 



{v 2 - AvDv^m 2 ^ + — -{m 2 H + m 2 h ) 



(A36) 



(A37) 



(A38) 



(A39) 



^AAG°G° 



(5v z - Uv 2 A )m 2 A - 3(v z - v A ){mji + m z h ) 



2(v 2 + 2v\ 



2 \2 



1 

+ 4 



1 



\2(v l - -iv A )c2 a + — (u 4 - 20v 2 v 2 A + h2v A )s 2 



V(f>V A 



(m 2 H - ml) 



^AG°G°G° 



1 



(A40) 



2(v 2 + 2v r f \ ^ VAV<t>rriA ~ 3vAV<f,(m 2 H + m 2 h ) + [-5va^c 2q + (v 2 - 6u A )s 2a ] (m# - m 2 h ) >, 



(A41) 
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^AAHH 



m 



^AAHh 



[u 4 - 6v 2 v 2 A + (t; 4 - 2v z v'i - 8v%)c 2a ] 



2„.2 



8v 2 A (v 2 + 2v 2 A ) 2 



m 



[2(v A - Av'vi + 8v A )(l + c 2 2a ) + 4v 2 c 2a (v 2 - Av 2 A ) 



32v 2 A {v 4 - 4v%) 
— (v 4 - 4vi)s 2a + V -±(v* - 8v 2 v 2 A + 12vi) S4a ] 

i« S s77i^y - 4 4 - (* 4 - + 12 4) C2Q + - 4v 2 v 2 A + 8vi)s 2a ], 

lGv A v^(v z + 2v A ) va 

(A42) 



^AAhh 



+ 



2^(^+2^) 

8v 2 A (v 2 + 2v 2 A f 



(v* - Av 2 v 2 A + 8v A )c 2a + ^(v 4 - 8v 2 v 2 A + 12t4) S2a 



6vj 



Vcj, 

2v 2 A 8vi 



y 2 y 4 



C2c 



S2aV 



16v A v*(v 2 + 2v A ) 

,4 



1 



4v 4 , 



,3/„2 j. n 
V 

16v A (v A -4v A ) 

V<j> 



+ 1 



8v 2 A + 12t> 4 



4vl 8vi 



c 2c 



v<t> 
VA 



4vi 8v 4 , 



1 -^r + -^)( 1 + 4.)- 2 <M 1 



4v 



2 



(A43) 



S2c 



+ — s 2q 1 r + — 1 f + — ^ I s 2 «c 2a 



^AG°HH 



1 



■/?? 



2v A v4v 2 + 2*4) 1 + 2v 2 A 



1 



+ 7 [-3v 2 + 9u| + 4(-v 2 + v 2 A )c 2a - (v 2 - 3v A )c ia - 2vav^s Ao \ m 2 H 



(A44) 



^AG° 



+ \2v AV(j)C 2a - (v 2 - 3v 2 A )s 2a ] m\ 



hh 



x I "0 V" -«A^ c 2o 2 . s 2a r„ / 2 o 2 \ 1 2 

2, A ^ + 2,i) ^T^i mA + T [2vAV * C2a - {v - 3vA)s2a] mH 



(A45) 



+ - [-3v 2 + 9v A + 4(v 2 - v A )c 2a - (v 2 - 3v A )c ia - 2vAV (j ,s ia \ m\ 



^G°G°Hh 



S2c 



2(v 2 + 2v 2 A ) 



m 2 A ~ ^(m 2 H + ml) - \ (hc 2a - — A ■ 

4 4 V v^va 



S2a (m H - m h ) 



+ 



S2c 



AVAVtjy 

1 

8vaV4, 



[v 2 + 2v 2 a - (v 2 - 6v A )c 2a - 5v AV<j>s 2a ] m 2 H 



- — [8v 2 c a sl + VAVJ15 - 12c 2a + 5c 4a ) + v 2 A (4:S 2a + 6s Aa )] m\ >. 
\v<t> J 



(A46) 
(A47) 



(A48) 
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2 4 2 2 



' 2 - ° 2 ~ >l 



64v 2 A i 



2y4v * c 3 „3 , 2 6 , 

V 2 + 2 V l) C * S « + + V(j) ( v 2 + 2t ,2 ) * 2 « 



" 4 + 



' 2 + 2^1: 

; 2 - 3u|)c 2q 



+ 21^052 



- (v 2 + 2v 2 A )c 2a 2 
V 2 + 2vl mA 



, «2a 

8v 2 A 

v 2 - 9v 2 A + 4{v 2 - v 2 A )c 2a 



Av 2 1 



- 7^[-2vAV<f,C2 a + (v 2 - 3v A )s 2a 




» 2 - 3v A )c4 a + 2v A v e f,s 4a ] 



\ y2 \q 10v a ,fi^ 2v l\ 

*HHhh = Qr) 2 '/ 2 1 o 2 \ ^ 2 O I H 2~ C4 Q 

32v A (v z + 2v A ) [ v z \ v J 




VA 



> _ g2a^ 

A ™ "4^(^ + 2^ 



S2a U ~ ^) {m 2 H + m 2 h ) 

,2 2v A 2 \ 2 

~~ „,2 C a I -4 




mi 



3ty, 9-»a^ ^ 
2^ + ^ 2 ~ y ' S4 ° 



(m 2 ^ - mj-) 



lfe A^ 

s 2a v 2 
l6v 2 A v 2 

v 2 



3vT 

V 2 



2vav<p 



s 2a 5- 



c 2a 



m 2 H 



U + 4J 1- 



ii 2 



9" I c 2a i 9 S4a 



Xhhhh ~ 8v 2 A (v 2 + 2v 2 A [ 



4aV 2 
,,2 „,2 




V A S 4 _ !i, 2 ^ m 2 
~T s 2a m A 



IT 

9 



U A\ 

— H — tQq 



VAV$ 



5— 52a 



1 

+ I6 



1. ?- 



-— c 6 

2 a 



1 



s 3 - 



2 .6 



v 2 



m 2 H 



m 2 h . 



(A49) 



(A50) 



(A51) 



(A52) 



(A53) 



Appendix B: 1PI diagram contributions 



In this Appendix, we summarize the formulae for the 1PI diagram contributions to the one-, two- 
and three-point functions in terms of the Passarino-Veltman functions (331 ] . The formulae for these 



1PI diagram contributions are separately presented into the fermion-loop, scalar boson-loop and 
gauge-boson loop contributions. Each contribution is denoted by the subscript of F for the fermion- 
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loop, that of S for the scalar boson-loop and that of V for the gauge boson-loop. The gauge boson 
loop contributions are calculated in the 't Hooft-Feynman gauge. In the calculation of some physical 
observables such as Ar, divergent parts in each contribution are cancelled within a corresponding 
contribution. For instance, the divergent part from the scalar boson loop contribution is cancelled 
by the scalar boson loop contribution. 

We use the following definitions of the A, B and C functions according to the Passarino and 



Veltman 



331 ] as 



A ^ = J^2W^- <B1) 



C ;C^C^(plplq 2 ,m 1 ,m 2 ,m 3 ) 



d D k l;k^;k^k u 



in 2 (k 2 — m 2 )[(k + p\) 2 — m 2 ,]^ + pi + pi) 2 — m 2 ] ' 
withg 2 = ( Pl + P2 ) 2 , (B3) 

where D = 4 — 2e. The vector and tensor functions of B and C functions are rewitten in terms of 
the following form factors by 

B^ l =p^B u (B4) 

B^ =p^B 21 + g^B 22l (B5) 

C^pfCn+pgCia, (B6) 

= P^C 21 + p^ 2 C 22 + (ptp» 2 + fifflCn + gTCu. (B7) 

1. One-point functions 

The 1PI diagram contributions to the one-point function are calculated by 

4m 2 f Ni n 

Th f = --^^A(m f ), (B8) 
4m 2 , iV"/ = 

Tt P s = -J^- 2 [^H++H—hA m H++) + ^H+H-hM m H+) + \AAhA{m A ) 

+ \ HHh A{m H ) + 3\ hhh A(m h )}, (BIO) 

TIF} = -- j -^ 2 [^H++H—HM m H++) + ^H+H-HM m H+) 

+ \AAHA(mA) + 3\HHHA(rriH) + \HhhA(m h )], (Bll) 
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rplPI 

1 h,V 



16vr 2 



^G+G-h A ( m G+) - ^G°GOh A ( m G°) 



+ gmw(c/3C a + V2s/3S a )DA(m w ) H - — {cpc a + 2s /3/ s a )DA(mz) 



- gm w (cpc a + V2~Sj3S a )A( 



, + ) _ 9zm z ^ iCa + 2 S/3 ,s Q )A(m Cz ) 



r iPl 



16vr 2 



+ gm w (-c/3S a + V2s /3 c C( )Z)^(77i w ) H — (-cys a + 2sp'C a )DA(m z ) 



2 

gm w (-cps a + V2s/3C a )A(m c +) — (-cp>s a + 2sp>c a )A(rn Cz ) 



(B12) 



(B13) 



where m G + (m c + ) and itiqo (m Cz ) are the masses of the NG bosons and G° (ghost fields and 
cz ), respectively. In the 't Hooft-Feynman gauge, these masses are the same as the corresponding 
gauge boson masses, i.e., m G + = m c + = mw and m G o = m Cz = mz- 

2. Two-point functions 



The 1PI diagram contributions to the scalar boson two point functions are calculated as 

,2" 



rtIl(p 2 ) F 



rlPI^„2 



4m 2 f iV/ c 2 

J Oi 

167T 2 v\ 



167T 2 v\ 

±™) N c C aSa 
167T 2 v\ 

AmjNi si, 

167T 2 v\ 
2 ATf 



A(m f ) + ( 2mj - ^- ) B (p z ,m f ,m f ) 



A(mf) + (^2m 2 f - y^j B (p 2 ,m f ,m f ) 



^Ig(p Z )f = +- 



2mm 



167T 2 U? 



A(m f ) + [ 2?nj - — - ) B (p 2 , m f , mf) 



M m f) ~ yA)0 ,m/,m/) 



(B14) 
(B15) 
(B16) 
(B17) 
(B18) 
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U hh(p 2 )s = -T^[-^H++H—hhM m H++) - 2X H+H - hh A(m H +) 

- 2X AAhh A(m A ) - 2\ HHhh A{m H ) + \2\ hhhh A(m h ) 
+ \ 2 H++H - h B (p 2 ,m H++ ,m H++ ) 

+ X h+h- h B o (P 2 > m H+ , m H + ) + X 2 G+G - h B (p 2 , m G + , m G + ) + 2X 2 H+G - h B (p 2 , m H + , m G + ) 
+ 2X AAh B (p 2 ,m A ,m A ) + 2X G o G a h B (p 2 ,m G o,m G o) + X 2 AG o h B (p 2 , m A , m G o) 
+ 2X 2 HHh B Q (p 2 ,m H ,m H ) + l8X 2 hhh B (p 2 , m h , m h ) + AX 2 Hhh B (p 2 , m h , m H )], (B19) 
^hh{p 2 )s = j^2[-2X H ++ H — HH A(m H ++) - 2X H+H - HH A(m H +) 

- 2X H HAAA(m A ) + 12X H HHHA(m H ) - 2X HHhh A(m h )} 
+ X 2 H++H - H B (p 2 ,m H++ ,m H++ ) 

+ X 2 H+H - H B {p 2 ,m H +,m H+ ) + X G+G - H B (p 2 ,m G+ ,m G +) + 2X 2 H+G - H B (p 2 ,m H+ ,m G+ ) 
+ 2X AAH B (p 2 ,m A ,m A ) + 2X GOGOH B (p 2 ,m G a,m G o) + X 2 AG o H B (p 2 ,m A ,m G o) 
+ 18X 2 HHH B (p 2 ,m H ,m H ) + 2X 2 Hhh B (p 2 ,m h ,m h ) + AX 2 HHh B (p 2 , m h , m H )), (B20) 
n /F/!(p 2 )s = [~ A h++h— HhA{m H ++) - X H+H - Hh A(m H +) 

- X AAH hA(m A ) - 3X H HHhA(m H ) - 2>X H hhhA(m h ) 

+ X H ++ H — h X H ++ H — H B (p 2 ,m H ++,m H ++) + X H+H - h X H + H - H B (p 2 ,m H +,m H +) 
+ A G+G-h A G+G-ffA)(p 2 ,™G+> m G+) + 2X H+G - h X H+G - H B (p 2 ,m H+ ,m G+ ) 
+ 2X AAh X AAH B (p 2 ,m A ,m A ) + 2X hG o G oX G o G o H B (p 2 ,m G o,m G o) 
+ AAGo^AGOff^oCp 2 , m A ,m G o) + 6X HHh XHHHBo(p 2 ,mH,m H ) 

+ 6X hhh X Hhh B (p 2 ,rn h ,m h ) + 4,X Hhh X HHh B (p 2 ,m H ,m h )], (B21) 
n AA(P 2 )s = ~Y^2 [2Ah++h~ ^A(m H ++) + 2A i3 -+H- j4A A(m if +) 
+ 12AAAA J 4^(m j4 ) + 2X AAH HA(m H ) + 2A Aj 4 Wl j4(m? l )] 
+ Y^[ 2A ^+G'-A^+G-A B o(p 2 ,m H +,m G +) + 4A^ J B (p 2 ,m A ,m h ) 

+ 4X AAH B (p 2 ,m A ,m H ) + X 2 AG o h B (p 2 ,m h ,m G o) + X 2 AG o H B (p 2 , m H , m G o)], (B22) 
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U AG{P 2 )S = -Y^2[^H++H—AGoM m H++) + X H + H - AG o A(m H +) 



+ 3*aaag°M™a) + X AG o HH A(m H ) + X AG o hh A(m h )} 

+ J^[XH+G-A^*H+G-G° B o(P 2 > m H+, m G+) 

+ X AAh X AG o h B (p 2 ,m A , m h ) + X AAH X AG o H B (p 2 ,m A , m H ) 

+ ^AG°h X G°G°h B o(p 2 , m G o,m h ) + X AG o H \ GaG o H B (p 2 ,m GO ,m H ), (B23) 
U1 hIh-(P 2 )s = -r^2[\H++H—H+H-M m H++) + H~ H+ H~ M m H+) 

+ ^H+H-AAM m A) + X H+H - HH A{m H ) + X H + H - hh A(m h )} 

+ i 4X H++H- h- B o(p 2 : m H++ ,m H +) + X 2 H++H - G -B (p 2 ,m H ++,m G +) 

+ ^H+H-H B o(p 2 i m H+, m H) + X 2 H+H - h B (p 2 ,m H +,m h ) 

+ A^.^ 5 (p 2 , m ff , m G+ ) + A„ +G - A A^ +G _ AJ B (p 2 , m A , m G+ ) 

+ X H+G-h B o(p 2 , m h,m G +) + X H+G - G oX* H+G ^ Ga B (p 2 ,m G o,m G +)}, (B24) 
u1 hI+h— (P 2 )s = -j^-2[4X H ++ H — H ++ H —A{m H+ +) + X H ++ H — H+H -A{m H +) 
+ ^H++H—AA A { m A) + X H ++ H — HH A{m H ) + X H++H — hh A(m h )} 
+ j^2[2X 2 H++H - H -B (p 2 ,m H +,m H +) + 2X 2 H++G - G -B (p 2 ,m G + ,m G +) 

+ aWc-£o(pW,™ g+) 

+ ^H++H—H B o(P 2 > m H++, m H) + X 2 H++H — h B (p 2 ,m H ++,m h )}, (B25) 

if # 2 

n^tyV = \ 9 2m w( c P c a + ^Scj^So^.mH/.mH/) + —(3 - c 2ct )iX4(TO H /) 

a 2 

~ y( c « c /3 + \/2s«S/3) 2 [2^(miy) - A(m G +) + (2m G+ - + 2p 2 )B (p 2 ,m w ,m G +)} 

a 2 

- -^{-c a sp + V2s a C/3) 2 [2A(m w ) - A(m H +) + (2m 2 H+ - m 2 ^ + 2p 2 )B (p 2 ,m w ,m H +)] 

2 2 

- 2 ^G+G-hh A i m G+) 7^( c p c a + V2sps a ) 2 B (p 2 ,m c +,m c +) 

2 2 2 

+ ^^(cp'Ca + 2s /3 ,s Q ) 2 J D J B (p 2 ,m z ,7n z ) + ^(5 - 3c 2a )DA(m z ) 
3 2 

- —{c a cpi + 2s a si3>) 2 [2A{mz) - A(m G o) + (2m G0 - m| + 2p 2 )B (p 2 ,m z ,m G o)] 
Q 2 

- ^-{-c a s p , + 2s a c p ,) 2 [2A{m z ) - A(m A ) + (2m^ - m| + 2p 2 )B (p 2 , m z , m A )\ 

- 2 ^G°G°hh A { m G°) ^-^-{cp'Ca + 2si 3/ s a ) 2 B (p 2 ,m Cz ,m Cz ) \, (B26) 
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i f a 2 

u1 hh(p 2 )v = g 2 m 2 v (-c l 3S a + V2spc a ) 2 DB (p 2 ,m w ,m w ) + — (3 + c 2a )DA(m w ) 

g 2 

~ y(- s « c /3 + V2c a Si3) 2 [2A(m w ) - A(m G +) + (2m 2 G+ - m w + 2p 2 )B (p 2 ,m w ,rn G +)} 

g 2 9 

- y( s aS/3 + V2c a C/3) 2 [2A(m w ) - A(m H +) + (2m 2 H+ - m 2 ^ + 2p 2 )B (p 2 ,m w ,m H +)] 

2 fn 2 

- 2X G+G - HH A{m G +) ^(-cpsa + y/2s^c a ) 2 B (p 2 ,m c +,m c +) 

+ ^^{-ci3>s a + 2sp,c a ) 2 DB (p 2 , m z , m z ) + ^(5 + 3c 2a )DA(m z ) 

Z o 

g 2 

- -^-{-SaCpi + 2c a s l3 ,) 2 [2A(m z ) - A(m G o) + (2m 2 G o - m| + 2p 2 )B (p 2 , m z , m G o)] 

g 2 

- -^-(2c a C/3> + s Q ,s /3 /) 2 [2A(m z ) - ^(m^) + (2m^ - m 2 z + 2p 2 )B (p 2 , m z , m A )\ 

- 2A G o G o /m ^(m G o) ^-^(-Cy3'S Q + 2s /3 /c a ) 2 J B (p 2 ,?n Cz ,m Cz ) (B27) 

n Fft(p 2 )v = Ye^2 ] ^^(c^Cq + V2sps a )(-cps a + V2spc a )DB (p 2 ,m w ,m w ) + — s 2 a-DA(m w ) 



2 

C/3 + V2s a sp)(-s a cp + V / 2c Q ,s / g)[2yl(m l y) - A(m G +) + {2m 2 G+ - m 2 w + 2p 2 )B (p 2 , m w , m G +)] 



g 1 



-y-i-CaSp + V2s a cp)(s a sp + V2c a cp)[2A(m w ) - A(m H +) + {2m 2 H+ - m 2 w + 2p 2 )B (p 2 ,m w ,m H +)] 

- ^G+G-Hh A ( m G+) ^( c /? c a + v2sps a ) {-cps a + V2spc a )B (p 2 , m c + , m c + ) 

+ z Z {cpiCa + 2sp l s a ){-cp<s a + 2s^c a )DB (p 2 ,m z ,m z ) + — ^-s 2a DA(m z ) 
2 o 

- -^-(c a cp> + 2s a sp)(-s a cpi + 2c a s /3 ')[2A(m z ) - A(m G o) + (2m G o - m z + 2p 2 )B (p 2 , m z , m G o)] 

g 2 

- -^{-CaSpi + 2s a cp')(s a sp> + 2c a cp>)[2A(m z ) - A(m^) + (2m 2 4 - m| + 2p 2 )B (p 2 , m z , tua)] 

(p 1 771 ^ 

- A G o GOfl7 ^4(m G o) ^p^( c /3' c a + 2sp l s a ){-cp l s a + 2sp<c a )B (p 2 ,m Cz ,m Cz ) L (B28) 
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Wa(p )v = I T (3 + c W') DA i m w) ~ 2X G+G - AA A(m G+ ) 

a 2 

- y(- c /3' s /3' + V2spcp> ) 2 [2A(m w ) - A(m G +) + (2m 2 G+ - m w + 2p 2 )B (p 2 ,m w ,rn G +)} 

a 2 

- y( s /3 s /3' + V2cpCf3>) 2 [2A(m w ) - A(m H +) + (2m 2 H+ - m 2 ^ + 2p 2 )B (p 2 , m w , m H +)} 
H ^(-C/?^/ + V2spCp>) 2 B (p 2 ,m c + ,m c +) 



si 



2l 



(5 + 3c2^')DA(mz) - 2\ AAG o G oA(m G o) 



^(-c a sp + 2s a c l3l ) 2 [2A(m z ) - A{m h ) + (2mjJ - m£ + 2p*)B Q {p \m z ,m h )\ 



9± 
4 

rlPI^ 2\ 



{s a sp (3>) 2 [2A(mz) - A(m H ) + (2m 2 H - m z + 2p 2 )B (p 2 , m z , m H )] 

\(p 2 )v 



^-S2/3'DA(m w ) + ^a 2 z s 2/S'DA(m z ) 



(B29) 



16vr 2 4 



y(s/3S/3' + V2cpcp,){-spcpi + V2c/3Sp,)[2A(m w ) - A(m H +) + {2m 2 H+ - m 2 w + 2p 2 )B (p 2 ,m w ,m H ^ 



-c a spi + 2s a C/3' ){c a cp> + 2s a s ')[2A(m z ) - A(m h ) + (2m| - m| + 2p 2 )B (p 2 ,m z ,m h ) 



9% 



— (2c a cp> + s Q ,s / 3')(-s Q c /3 / + 2c Q ,s /3 /)[2A(m z ) - A(m H ) + {2m H - m z + 2p )B (p ,m z ,m H )] 



3^AG°G°G oA ( m G ) ~ ^G+G-AG oA ( m G+) 



(B30) 



The 1PI diagram contributions to the gauge boson two point functions are calculated as follows. 
The fermion-loop contributions are 

,2 



g 



16vr 2 

^2 



B 4 + 2p z B 3 



(p ,m f ,mf), 



(B31) 



nFzV)F = -^N[ \2p 2 (4s 4 w Q 2 f - ±s 2 w Q f I f + 2I 2 )B 3 - 2I 2 f m 2 B ] (p 2 ,m f , m f ), (B32) 



where B 3 (p 2 ,7721,7722) = 



8p 2 B 3 



(p ,772/, 772/), 

5 



2p 2 (-As 2 w Q 2 f + 2I f Q f )B 3 (p 2 ,m f ,m f ), 



(B33) 
(B34) 



-Bxip 2 ,^ 



-m\B\(p 2 ,m2,rn\) — m^B^p 2 , mi, 7722) 3C| 



?72 2 



i?2i(77 2 , 7721,7722) and B^p 2 ,mi,m 2 ) 
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The scalar-boson loop contirbutions are 
1 9 2 



Ac 2 B 5 (p 2 ,m H ++,m H +) + 4s 2 B 5 (p 2 ,m H ++ ,m G +] 



16vr 2 4 

+ (cqS/? - V2s a cp) 2 B 5 (p 2 ,m H + ,m h ) + (c a cp + V2s a s p) 2 'B 5 (p 2 ,m G + ,m h ) 
+ (s a sp + V2c a cp) 2 B 5 (p 2 ,m H +,m H ) + (s a cp - V2c a sp) 2 B 5 (p 2 ,m G +,m H ) 
+ (sp'Sp + V2cp<cp) 2 B 5 (p 2 ,m H+ ,m A ) + (sp>cp - V2cp<sp) 2 B 5 (p 2 ,m G +,m A ) 
+ (-cp'Sp + V2sp^cp) 2 Br J (p 2 ,m H +,m z ) + {cpicp + V2sp>sp) 2 B 5 (p 2 ,m G +,m G a) 



(B35) 



nfi(p 2 ) 



1 <?I 



16tt 2 4 



K c w ~ s w) B $(P , m H++,m H ++) + (c w - s w - Cp) B 5 (p ,m H +,m H +) 
+ (cw -sw- s 2 p) 2 B 5 (p 2 ,m G +,m G+ ) + 2s 2 pC 2 pB b {jp 2 ,m H +,m G +) 
+ (2c a cp> + s a sp>) 2 B 5 (p 2 ,m H ,m A ) + (2s a cp> - c a sp,) 2 B 5 (p 2 ,m h , m A ) 

(B36) 



+ {s a cp> - 2c a sp>) B 5 (p ,rriH,m G o) + (c a cp> + 2s a spi) B 5 (p ,m h ,m G o 

„2 



)S 



16vr 2 



AB 5 (p , m H ++ , m H ++ ) + B 5 (jp~ , m H + , m H + ) + B 5 (p , m G + , m G + ) 



(B37) 



^z^iP^s = --^^\2{c w - s 2 v )B 5 (p 2 ,m H+ +,m H + 
\{ c w ~ s w ~ c 2 p)B h {p 2 ,m H + ,m H +) + - 



+ T,i c w ~ s w ~ c 2 p)B 5 (p 2 ,m H +,m H +) + ^{clv - s w - s 2 ± )B 5 (p 2 ,m G +,m G +] 



(B38) 



where B^(jr ,mi,ro2) = A(m\) + A{m2) — AByiip , mi,m2) |3(|. The gauge boson loop contribu 



0. 



tions are 



4<? 2 



^-ww(p 2 )v = ^ww(p 2 )v - T^j(p 2 - m 2 v )[c 2 v BQ{p 2 ,m z ,m w ) + s w B Q {p 2 , 0, m w )], 



nz Z (p 2 )v = uf z (p 2 ), 

lC(p 2 ) v = U^(p 2 ) ] 



16vr 2 

Z c^(p 2 - m|)5 (p 2 ,?niy,miy), 



4£ 2 
16vr 2 



rlPI/„2 



4e 2 
16vr 2 

4egz 



P 2 B (p 2 ,mw,m w ), 



1 



(B39) 



where n^^(p 2 )y functions are the gauge invariant two point functions while n^Py(p 2 )y functions 
are the amplitude calculated in the 't Hooft-Feynman gauge. The second term of the right-hand 
side in Eq. (jB39h corresponds to the pinch-terms [341 ] which are introduced to maintain the gauge 
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invariance of the gauge boson two point functions. The H^y(p 2 )v functions are calculated as 



ttIPI I 2\ 9)2 
^WW(P )V = J^2\ m W 



cpc a + V2s/3Sa) B (p 2 ,m h ,m ] 



c 2 s 2 . 



4:SsBo(p ,m H ++,m w ) + - E 2 — B (p ,m H + ,m z ) + s w B (p ,m G +,0) + 



) + (cpSa - V2s/3C a ) B {p 2 ,m H ,m w ) 



Bo(p 2 ,m G +,m z ) 



(s 2 w + 4) 2 



w 

c 2 w [(6D - 8)B 22 + p 2 (2B 21 + 2B 1 + 5B )} (p 2 ,m z ,m w ) + (D - 1) [c 2 w A(m z ) + A(m w )] 
s 2 w [{6D- 8)B 22 +P 2 (2B 21 + 2Si + 5B )] (p 2 ,0,m w )J, (B40) 

(c/3'Cq, + 2s l3 is a ) 2 B Q (p 2 , m h ,m z ) + {cps a - 2s/3>c a ) 2 B (p 2 ,m H ,m z ) 



16vr 2 



2c 2 3 s 2 H B (p 2 ,m H + ,m w ) + 2 (sf^ + s 2 p) 2 B (p 2 , m G + , m w ) 
cfy [(6D-8)B 22 +p 2 (2B 21 + 2 J B 1 + 55 )] {p 2 ,m w ,m w ) + 2{D - l^Aimw) L 



(B41) 



16vr 2 



(6D - 8)B 22 (p 2 , m w , m w ) + P 2 (2B 21 + 25 x + 5B )(p 2 



- 2(D - l)A(m w ) - 2m 2 w B (p 2 , m G+ ,m w )\ , (B42) 

= + ^l[ c w^D - 8)B 22 (p 2 ,m w ,m w ) + c 2 w p 2 (2B 21 + 2Bi + 5B ){p 2 ,m w ,m w ) 

- 2c 2 w {D - l)A{m w ) + 2m 2 w {s 2 w + sl)B {p 2 , m G +,mw) . (B43) 



3. Three-point functions 

In this subsection, we use the shortened notation for the three-point function of the Passarino- 
Veltman function as Ci{mi,m 2 ,m^) = Ci(p 2 ,p 2 ,q 2 ,mi,m 2 ,m^). The 1PI diagram contributions 
to the hhh vertex can be expressed as a function of the incoming momenta p\ and p 2 and the 
outgoing momentum q = p\ + p 2 as 



-nlPI / 2 2 2\ 
T hhh(Pl,P2,Q )F 



8miNi c 3 

167T 2 Vu 



B (pl,m f ,m f ) + B (pl,m f ,m f ) + B (q 2 ,m f ,m f ) 



(irrif-q + pi ■ p 2 )Co(mf,m f ,m f ) 



(B44) 
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■nlPI / 2 2 2\ If 
r /.h/.(Pl>P2>9 )S = Y^2\ 

+ 2X H++H—h^H++H—hhl B o(Pi,m H ++,m H ++) + B (pl,m H ++,m H ++) + £ (g 2 , , 

+ 2X H+H-h X H+H-hh[ B o(pi,m H +,m H +) + 5 (p2, "1^+ , %+) + B (q 2 ,m H + , m H +)] 

+ ^hG+G-^hhG+G- [ 5 o(Pi, %, raw) + -Bo(£»2; m W, mvr) + B (q 2 , m w ,m w )} 

+ 4\ H +G~h X H+G-hh[ B o(Pi, m H + , m w ) + B (pl,m H +,m w ) + B (q 2 ,m H +,m w )} 

+ 4\ AAh \ AAhh [B {pl, m A , m A ) + B (pl,m A: m A ) + B (q 2 ,m A: m A )] 

+ 4*G°G°h*G°G°hh[Bo(pi,m z , m z ) + B (pl, m z , m z ) + B (q 2 ,m z , m z )\ 

+ 2><AG°h^AG°hh[ B o(pi,mA,m z ) + B (p2, m A , m z ) + B (q 2 ,m A ,m z )] 

+ 4\ H Hh^HHhh[Bo(p{, m H , m H ) + B (pl,m H ,m H ) + B (q 2 ,m H , m H )\ 

+ l2\ H hh^Hhhh[Bo(p 2 ,m h , m H ) + B (pl,m h , m H ) + B (q 2 ,m h ,m H )} 

+ 72\ hhh \ hhhh [B Q {pl, m h , m h ) + S (p|, m^, m ft ) + B (q 2 ,m h , m h )\ \ 

~ J^fa%++H--h C o( m H++, m H++, m H++) + ^ 3 H+ H -h C o( m H+, m H+, m H+) 

+ 2A G+G _ ft C (mvi/ , mw, mw) + 8A G o G o h C (m z , m z , m z ) 

+ 8A^ A/l C (mA, m^, m A ) + 8X s HHh Co(m H ,m H ,m H ) + 216A| Wl C (m /l , m h , m h ) 

+ ^^H+H-h^H+G-hi C o( m G+, m H+,'mH+) + C (m H + , m w , 7n H +) + C (?n H +,m H +,m w )] 

+ 2A G +G-fcA^ +G -JCo(m H+ ,mty,mw) + C (m G +,m H+ ,m w ) + C (m w , m w , m#+)] 

+ 2\ AAh \ 2 AG o h [C (m z ,m A ,m A ) + Co(mA, mz, m A ) + C (m A ,m A ,m z )} 

+ 2A G o G o h A AG o h [C (mA,mz,?n,z) + C (m z ,m A ,m z ) + C (m z ,m z ,m A )] 

+ 8\HHh^Hhh[ c o(m h ,m H ,m H ) + C (m H , m H , m h ) + C (m H ,m h ,m H )} 

+ 24X hhh X 2 Hhh [C (m h ,m h ,m H ) + C (m H ,m h ,m h ) + C (m h ,m H ,m h )]\ , (B45) 
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T^lPI / 2 2 2\ 



+ —mwicpCa + V2sps a )(3 - c 2a )DB (q 2 ,m w ,m w ) + 2g 3 m 3 v (c f BC a + \f2sps a )*DCo(mw,rn w ,rn w ) 



16vr 2 



c a + V2sps a fC h s h v h v { 



m G+ ,m w ,m Wi 



- ^mw{cj3C a + V2sps a )(-spc a + V2cps a ) 2 Csvv (m H + , m w , m w ) 

g 2 

+ ■jA G + G r- fi ,(c /3 c a + V2sps a ) 2 Cy h s l s (m w ,m G+ ,m G +) 

g 2 
g 2 

+ -^^H+G-hi c P c oi + V2sps a )(-spc a + V2cps a )[Cy h s h s (m w ,m G +,m H +) + C V ss(m w , m H +, m G +)) 
3 3 

^(cgc Q + \/2s /3 s Q ,) 3 Co(m c +,m c +,m c +) 



+ 



3g 3 z m z 



{cp>c a + 2sp>s a )(5 - 3c 2a )DB (q z ,mz,inz) + g z rn 3 z (cp>c a + 2s (3 is a yDC (rnz,mz,mz 



g 3 z m z 



g 3 z m z 



{cpc OL + 2sps a ) C svv (m G o,mz,m z ) 

(cpiCa + 2s l3 ,s a )(-sp l c a + 2cp / s a ) 2 Cs V h v (rnA,rn z ,rn z 



g 2 g 2 

+ -§-^G°G°h( c l3>Ca + ^s^s a ) 2 Cy h s h s (m z ,m G o,m G o) + yA^^-s^Ca + 2cp,s a ) 2 Cy h s h s (m z ,mA,rn A ) 



g\ 



+ ^-^AG°h{c/3'C a + 2spi8 a ){-spCa + 2c^ s a ) [Cyss (m z , mA, m G o) + C V s n s(m z ,m G o,m A )} 



ihhh 



{cpic a + 2sf 3/ s a ) 3 C (m Cz 



(B46) 



where we define 



+ 
+ 



Csyy(mi,m 2 ,m 3 ) = 

P1C21 +P2C22 + 2pip 2 C 2 3 + -DC24 - (q + Pi)(piCn +P2C12) + gpiCo (rai,m 2 ,m 3 ) 

+ P1C21 + P2C22 + 2pip 2 C 23 + DC24 + (3pi - p 2 )(piCn + P2C12) + 2p 1 (pi - p 2 )C (m 3 , m 1 ,m 2 ) 

+ P?C 2 i + P2C22 + 2pip 2 C23 + -DC24 + (3pi + 4p 2 )(piCu + P2C12) + 2<?(g + p 2 )Co (m 2 ,m 3 , mi), 

(B47) 

Cyss(my,ms,ms) = 

^^21 + p|C22 + 2pip 2 C 23 + -DC 24 + (4pi + 2p 2 )(piCn + P2C12) + 4pi • qC (m v ,m s , m s ) 
p\C 2 i + p 2 2 C 22 + 2pip 2 C 2 3 + -0^24 + 2p 2 (piCii + p 2 Ci 2 ) - pi(pi + 2p 2 )C (ms, m v ,m s ) 
p\C 2 i + p\C 22 + 2pip 2 C 2 3 + -DC24 - 2p 2 (piCn + P2C12) - q(pi - p 2 )C (m s , m s , m v ). (B48) 
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The 1PI diagram contributions to the form factors of the hZZ and hWW vertices which are 
defined in Eq. (I139|) are calculated as 



K fhZZ (J2 2 „2\ 



32m 2 m 2 z N£ c a \ 



I ^l-\(l}-2s 2 w IfQf + 2s$vQ 2 f) 



v^v 2 + 2v\) 

B (plm f , mf ) + B (pim f ,m f ) + 2B ( q 2 ,m f ,m f ) 

s 2 r 
+ -ifi-ffQf + s wQ}) B o(phmf,mf) + B (pl,m f ,m f ) + (Am 2 - q 2 )C (m f ,m f ,m f ) 



(B49) 



S2m 2 f m z N£ c a 1 



v^{v 2 + 2v\) 16tt 2 

^{1} - 2s 2 w I f Q f + 2s i w Q 2 f )(4C 23 + 3C 12 + C n + C ) + s 2 w (-I f Q f + s 2 w Q))(c l2 - C n 



(m f ,m f ,m f ), 

rhZZ / 2 2 „2 



(B50) 



32m 2 f m z Nic a l ^ 



Af^W.rf,^ = ~ v ^ + 2vl) 167r2 y(- J / + 2 %Q/)( g ii + g i2 + go)K,m /: 



(B51) 



-\/rhWW(J2 J2 2\ 
A A,1PI {,Pl,P2,Q )F 



imfyir^Nica 1 



16vr 2 



-B (pl,m u mb) + B (q 2 ,m t ,m t ) + -B (pl,m t ,m b ) 



4C 24 (p?,P2 5 9 2 \m t ,m b ,m t ) + -(2m? + 2m? -pf - pl)Co(m t ,m h ,m t ) 



+ (m t ^m b ), (B52) 



M 2 ^f (p?,pI j? 2 )f = 4m4wm p /Ca ^ (4C 23 + 3C 12 + C n + C ) (m t ,m 6 ,m t ) + (m* o m 6 ), 



(B53) 

M 3 ^f (p?,pI,<Z 2 )f = - 4m ^^ 2Ar/c " J_ (Cn + C 12 + C ) (m t ,m b ,mt) + K O m 6 ). (B54) 
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16m? 1 

M i h jpi(Pi,P2><? 2 )s = - v 2 - ^ v 2 16?r 2 { 2X H++H—h(c\v ~ ^ivf C 24( m H++ , m H ++ , m H ++ ) 
+ ^H+H-h(cw - s w - c}) 2 C 2 4(m H +,m H+ ,m H +) 

+ ^H+H-h4f3 C 24(m H +,m G +,m H +) + ^\ G+G - h sl p C 24 {m G+ ,m H + ,m G +) 

~ 2*H+G-h 8 2p(<$r ~ s w~ c})[C 2 A{m H +,m H +,m G +) + C 24 {m G+ ,m H + ,m H +)\ 

~ 2^H+G-h s 2p{cw ~ S W ~ s})[C 2A {m H+ ,m G +,rn G+ ) + C 2A (m G + ,m G + ,m H +)] 

'2 2 „2\2/ 



+ ^ X G+G-h(c w ~ s w~ s p) C 2 4(m G +,m G +,m G +) 



+ ^AAh(2c a Ci3> + s a spi) 2 C 2i (m A -, m H ,mA) + -x>^AAh{ c aSp' - 2s a cpi) 2 C 2i (mA-, m h , m A ) 

1 3 

+ ^HHhCZcaCp' + s a sp<) 2 C24(mH, m A , m H ) + -XhhhicaSp - 2s a cp) 2 C 2 ^rn h ,vri A , m h ) 

- ^Hhh{2c a cp> + s a s/3>)(c a si3> - 2s a cp') [C24(mH,m A ,mh) + C 2A (m h ,m A ,m H )] 

- ^AG°/i( 2c a c /3' + s a spi)(s a cp> - 2c a sp>) [C 24 (m A , m H , m G o ) + C 2A (m G o, m H , m A )) 
~ ^AG°h( c aSi3> - 2s a cpi)(c a cp, + 2s a sp,) \C 2i (m A ,m h ,m G o) + C 2i (m G o, m h , m A )} 

+ 2^G°G°h{ s aCfi> - 2c a Si3>) 2 C 24l (m G o,m H ,m G o) + ^G°G°h{ c a c P' +2s a Si3') 2 C 24l (m G o,m h ,m G o) 

1 3 

+ -j^HHhisaCp' - 2c a s l 3') 2 C 2 4(m H ,m G o,m H ) + -\hhh{c a c^ + 2s a s l3 >) 2 C 2 4(m h ,m G o,m h ) 

- ^Hhh(saC/3' ~ 2c a s j3 i)(c a cp, + 2s a sp>) [C 2 4 {m H , m G o , m h ) + C 24 (m h ,m G o,m H )] | 

4777*2' 1 I / 2 2 \2 7~> / 2 \ 



v + 2v\ 16vr 2 
1 



+ j^H+H-hi 2 + C4W - ^c 2W Cp + c 2 p)B Q (q ,m H +,m H +) 

+ \^G+G-h{2 + c 4 w ~ 4:C 2W s 2 - c 2 p)B (q 2 ,m G +,m G +) + -\ H +G-h s w( l ~ 2c 2 w)B (q 2 ,m H + ,m G +) 

1 1 

+ j^AAhfi + 3c 2 p>)B (q 2 ,m A ,m A ) + -A G o G o fc (5 - 3c 2 p>)B (q 2 , m G o, m G o) 

1 3 

+ 2^HHh{5 + 3c 2a )B (q 2 ,m H ,m H ) + -A/ l / l / l (5 - 3c 2a )B (q 2 ,m h ,m h ) 

3 3 

+ 2 L X AGOhS2^'B (q 2 ,m A ,m G o) + -\HhhS2 a B (q 2 ,m h ,m H ) >, (B55) 
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16m 4 1 

MliPi(pl,pl,q 2 )s = ~ V 2 + 2 V 2 16tt 2 I 2X n++H—h(cw - s 2 y) 2 Ci 2 23{'m H ++ ) m H ++,m H+ +) 
+ \^H+H~h{(?w ~ s w- cl) 2 Ci223(m H + ,m H + ,m H +) 

+ ^H+H-hS 2 p C i223(m H +,m w ,rn H+ ) + ^X G +G-h4/3 C i223(m w , m H + , m w ) 

- ^H+G-h s w( c w - sly- cj 3 )[Ci223(m H + ,m H + ,mw) + Ci 2 23(mw,m H +,m H +)} 
~ 2^H+G-hS2p(cw - sly - s^)[Ci223(m H +,m w ,m w ) + Ci223(,rn w ,m w ,m H +)] 
+ 2^G + G-h( c w ~ s w ~ s 2 ) 2 Ci223(mw,mw,mw) 

+ 2^AAh(2c a Cj3> + S Q S /3 ') 2 Ci223("lyl, mH,™^) + ^AAh{c a Spi - 2s Q .C£/) 2 Ci223("M, TO/,, TOa) 

1 3 

+ 2^HHh(2c a C[3> +S a Sp>) C 1223 ("1 if, TO A , "Iff) + -\hhh(c a Sp> - 2s a Cp>) C\223(™h, m A , m h ) 

- 2 X Hhh(2c a C/3> + S a Sp>){c a Spi - 250,0/3') [Cl223 (TOff , m^, m h ) + Ci223(mh,mA, TOff )] 
^A AG fe (2c a C^' + S a Sp>)(s a Cp> - 2^5/3') [Ci223("U,TOff,?nz) + Ci223(TOz,mfi,m j 4)] 

- ^AG°h( c aS/3> - 2s a cpr)(c a C[3> + 2s a sp') [CumCwu, m h , m z ) + Ci223(mz,m h ,mA)] 

+ 2 X G°G°h{ s aCp' - 2c a s l 3>) 2 Ci223(mz,m H ,m z ) + ^G°G°h{caC{3> +2s a s l3 ') 2 Ci223(mz,m h ,m z ) 

1 3 

+ i^HHhisaCp' - 2caSpr) 2 Ci223(mH,mz,mH) + -Xhhh(c a C/3' + 2s a s p/) 2 Ci223(mh, mz, m h ) 

- ^HhhisaCp' -2c a s f3 ')(c a c l3 > + 2s a s /3/ ) [Ci 2 23(TOff , m z , m h ) + C\223k m h ,mz,m H )\ >, (B56) 



MlfZ l (piplq 2 )s = 0, (B57) 
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16m?,, 1 



V 2 167T 2 



{ 



m i,ipi (J>i>P2> Q )s 

+ ^h++h — h c 0C ! 24('m H ++,m H +,m H ++) + Xh++h — h s2 RC2A{m H ++ ,m G + ,m H ++] 



+ H-hC 2 pC 2 4{m H + ,m H ++ ,m H +) + A G+G - /l s|C , 24(m G +, m H ++, m G +) 
+ ^H+G-h c /3 s /3[C24("lG+) :m //++ ; m H+) + C 24 (m // +,m H+ +,m G +)] 

(spspt + V^cpcpt} C 24 (m A ,m H +,m A ) + (-cpsp + V^spcp/^) C M (m A ,m G + ,m A ) 

{-spcpi + V2cpsp^ C 2A (m G o,m H +,m G o) + (cpcp> + V2spspA C 24 (m G o,m G +,m G o) 

\^AG°h (s/3S/3> + V2C/3C/3') (spcpi + V^cpsp') [C 24 (m A , m H + , m G o) + C 24 (m G o,m H + ,m A )} 



+ j^AGPh (-C/3S/3' + V2spcpi^ [cpcp, + y/2spsp^j [C 24 (toa, m G +,m G o) + C 24 (m G o, m G +, m^)] 



+ ^HHh 

3, 

+ ^hhh 



sps a + V2cf3C a ^ C 24 (m H ,m H +,m H ) + (^-C/3S a + V2s/3C a ^ C 24 (m H ,m G +,m H ) 
-spc a + V2cps a ) C 2A (m h ,m H +,m h ) + (cpc a + V2sps a ) C 2A (m h ,m G + ,m h ) 



+ Tj^Hhh (sps a + \/2c/3C Q ) ^-s^Cq + ^C/js^) [C M (m H ,m H +,m h ) + C 2A (m h ,m H+ ,m H )} 
+ 2^Hhh (-cpSa + \/2sf3C a ^ (cpc a + V2s/3Sa^ [C 24 ("iff , m G + , m h ) + C 2 4(m h ,m G +,m H )} 



+ -^H+H-h 



+ -^H+H-h 



-^G+G-h 



(spspi + ^2cpCpi\ C 2 4(m H +,m J 4,"i_H-+) + ^—5/30/3/ + a/^c^S/j/^ C 2 4(m H +,m G o,m H + 
sps a + V2cpCo^j C 2 4(m H +,m H ,m H +) + (-spc a + V2cps a ^j C 2A (m H + ,m h ,m H 
-cpsp + V^c^) C 2 4(m G +,m A ,m G +) + fc^/ + V^spsp^ C 24 (m G + , m G o , m G + ) 
-c^Sa + ^S/jCq) C 2 4(m G+ ,m ff ,m G+ ) + (c,gc a + \/2s^s a ) C 24: (m G + ,m h ,m G + 



1 , 

+ TA G + G - ft 

+ j^H+G-h( s p s F + \ / 2c /3 c ( g/)(-c /3 s / 3/ + \/2s / 3C / 3/)[C 24 (m jH -+,mA,m G +) + C 24 (m G+ , m A , m H +)] 

+ 2^H+G-h(- s p c l3' + ^cpspi)(cpcp, + \/2si3Si3>)[C 2 4(m H +,m G o,m G +) + C 24 (m G+ ,m G o,m H+ )] 

+ 2^H+G-h( s p s a + \/2c /3 c a )(-c /3 s Q + V2si3C a )[C 2 4(m H +,mH,m G +) + C u {m G +,m H ,rn H +)] 

+ 2^H+G-h(- s p c a + V2cps a )(cpc a + V2sps a )[C 2A (m H + , m h , m G +) + C 24 (m G +, m h , m ff +)jj 

5 + 3c 2( g 



+ 



4m^ 1 



U 2 167T 2 
+ ^G+G-h 

+ I^AAh 



^h++h — h^oiq ,m H ++,m H ++) + X H+H - 



-B (q ,m H +,m H j 



5 -^B tf,m G+ ,m G+ ) + 2\ H+G - h ^B ( q *,m H+ , m G , 



3^/3 

4 

3 - c 2/3 



3 + C 2 p> 2 d - C 2/3 ' 2 S 2 /3' D 2 

#o(<? ,m A ,m A ) + 2X G o G o h 



Bo(q ,m z ,mz) + X A G°h^-B (q ,m A ,m z ) 



2A 



3 + c 2c 



£ (<7 2 , rn H ,m H ) + BA^ 



3 - c 2c 



i? (g 2 , m fc> m h ) + 2\ Hhh S -f B Q {q\ m H , m h ) 



(B58) 
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M hWW (r? r? n 2 \ 
M 2,1PI \PliP2i1 ) 



16m^ 1 

V 2 167T 2 



+ ^h++h — h c2 f}Ci223(m H ++ , m H + , m H ++ ) + \h++h — /1S/3C1223 , m G + > 

+ ^H+H-hclC 1 223(m H +,m H ++,m H +) + A G + G - h S^Ci223(?«G+ 5 m H++> m G+) 
+ AH+G-hC/3S/3[Cl223("T-G+> m H++ ) "i//+) + Cl223(m ff +, m H ++, m G +)] 



spSp> + V2cpCp>) Ci223ijnrL A ,m H +,m A ) + [~cpSp> + V2spCp>) Ci223(m A ,m G +,m A ) 
(-spcp> + V2cpsp^ C 12 2 3 (m G o,m H +,m G o) + (cpcp> + V2spspA Ci223(m G o,m G + ,m G o) 
+ j^AG°h {spsp> + V2cpcp^ (-spc? + V2cpsp>^ [Ci223(m A ,m H + ,m G o) + Ci223{fn G o,m H +,m A )} 
+ ^AG°h (-Cpsp + V2spCp'^j [cpCpi + V2spSp'^j [Cu23 (m A , m G + , 77l G o ) + Ci223("lG°> m G+> ?T1 A)] 

23{l^H,Tn G +,mH) 

(^-SpC a + V^CpS^j Cl223(m h ,m H +,m h ) + (cpC a + V2spS a ^j Cl 2 23 (^-h, : 



+ -j^HHh 



3^ 



,m G +,m h ) 



1 



+ -j^Hhh (sps a + \/2c/3C Q J y-spc a + V2cps a j [Ci2 23 (m H , rn H + , m h ) + C 12 23(m h ,m H + ,m H )] 

+ 2^Hhh (y-cps a + \/2spc a ^ (cpc a + V2sps a ^ [Ci 22 3 {™H , m G + , m h ) + C 12 23{m h , m G +,m H )] 
1 

+ J^H+H-h 



+ ^^G+G-ft 



+ T^G+G-/i 



S/3S/3' + V2cpcp>^ Ci223{m H + , m A , m H + sp'-spcp/j Ci223{'m H +,m G o,m H+ ) 

(spSa + VZcpCa) Ci223(m H +,m H ,m H +) + (-spc a + V2cps a ^j Ci223{m H + , m h , m H +) 
cpsp> + V2spcp'^j Ci223(mG+, m A,m G +) + (cpcp> + SpSpi] C1223 ( m G+ j m G° > m G 
cas Q + ^S/jCq) Ci223{m G +,m H ,m G +) + (cpc a + V2sps a ^j Ci 2 23(m G +, m h , m G +) 
cpspi +V2spCpA [Ci223(m H + ,m A ,m G +) + Ci223(rn G + ,m A ,m H +)} 



+ j^H+G-h [spsp> + V2cpcp 



+ \^H+G~h {-spcpi + V2cpsp>) (cpcp, +V2spsp f ) [Ci223(m H +,m G o,m G +) + C 12 23(m G + ,m G o ,m H +)} 



+ -J^H+G-h (spS a + V2cpC a ) (~CpS a + V^SpCa) [C1223 {m H + , m H , m G + ) + Ci223(mG+, m H,m H+ )} 



+ ^H+G~h (-SpCa + V2cpSaj [c.pC a + V2spS a ^ [C 12 23 {fn H + , m h , m G+ ) + Ci223(^G+> m h,^H+)]|: 



,,MW(1PI)/ 2 2 2x n 
M 3,1PI (Pl>P2>9 )5 = °' 



(B59) 
(B60) 
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M l,fm(PiiP2i<l 2 )v = j^^g 3 mwcw(c a cp + V2s a s/s)C vvv (m w ,m w ,m w ) 

+ g 3 m w (c a cp + V2s a sp)(sw + s 2 p)Csyy{m G +,m w ,m w ) 
+ g 3 m w (-c a s l3 + \/2s a c l3 )spc (3 Csvv(rn H + ,m w ,m w ) 
+ g 3 mw(c a cp + V2s a sp){sw + s 2 p)Cyy / s (mw,rn w ,rn G +) 
+ g 3 m w (-c a sp + V2s a c / 3)spci 3 Cyy^(rnw,rn w ,rn H +) 

- ggz m w(caC/3 + V2s a sp)(Cw - sly- s|)( s w + s 2 )[C 2i {m w ,m G +,m G +) + C 2i {m G +, m G +, m w )] 

- gg 2 z m w(-c a si3 + y/2s a cp){<$v - - c|)s pcp[C 24: (mw ,rn H + ,m H +) + C 2 i(rn H +,m H +,m w )] 
+ ggz m w{c a Cj3 + \f2s a sp)s 2 p(?p [C 2i (m w , m H + , m G + ) + C 2i {m H + , m G + , m w )\ 

+ ggz m w(-c a Sj3 + V2s a c l3 )spci 3 (s 2 v + s 2 l3 )[C 2i {mw,m G +,m H +) + C 24: (m G + ,m H + ,m w )\ 

- 2gg 2 z (sly + s\) 2 m\y{c a cp + V2s a Sf3)C (m w , m G +, m w ) 

- 2gg 2 z s 2 pCpm 3 v (c a cp + y/2s a sp)C (mw,m H +,mw) 

+ 2X G+G-hg 2 z m w( s w + s 2 p) 2 C {m G +,m w ,m G +) + 2\ H+H - h g 2 z m 2 v s 2 pC 2 C (m H +,m w ,m H +) 
+ 2>>H+G-hgz m w s P c p( s w + s 2 3 )[C (m H +,m W: m G +) + C (m G +,m w ,m H +)} 

- 2g 3 clym w (c a ci3 + V2s a sp)C 2A (m c +,m c +,m c +) 

- g 3 c 2 v mw(c a c l 3 + V2s a sp)(2D - 2)B (q 2 ,m w ,m w ) 

+ gg 2 z m w[-c a cpsly + V2(cly - 2)s a Sp](a^ + sjg) [5 , TB^y , m G + ) + 5o(p?, m G+ , mw/)] 

+ gg 2 z m w[c a si3sly + V / 2( c^- — 2)s a 

+ -^-mz{c a cp> + 2s a s /3/ ) 3 [C 2 4 : (mz,m h ,m G o) + C 24 (m G o,m h ,mz)} 

g 3 

+ -^rn z {c a cpi + 2s a spi)(-c a s l 3< + 2s a c^) 2 \C 24 {m z , m h , m A ) + C 2 4(m A ,m h ,m z )} 

g 3 

+ -^-rn z (c a cp> + 2s a s/3>)(-s a Ci3> + 2c a s/3') 2 [C 24: (mz,m H ,m G o) + C 24 (m G o,m H ,m z )] 

g 3 

+ -^-mz(-s a cp' + 2c a sp>)(2c a cp> + s a sp:){-c a spi + 2s a c^)[C 24: (mz,m H ,m A ) + C 2A (m A ,m H ,m z )] 

- g 3 z m z( c aCi3> + 2s a S/3>) 3 Co(mz,m h ,m z ) - g z m 3 z (c a C{3i + 2s a spt){-s a cpi + 2c a sp') 2 C (m z ,m H ,m z ) 
+ Q^hhhgz m z( c »ci3' + 2s a S!3>) 2 Co(m h , m z ,m h ) + 2X HHh g 2 z m 2 z (-s a c l3 > + 2c a s /3/ ) 2 Co(m H ,m z , m H ) 

+ 2^Hhhg 2 z m z( c aCi3i + 2s a sp>)(-s a cp> + 2c a sp)[Co(rn h ,mz,rn H ) + C (m H ,mz,m h )} 

g 3 

- -^-m z {5 - 3c 2q ,)(c q ,c /3 / + 2s a s /8 ')[JBo(Pi,»7i/ l ,mz) + B (pl,m h ,mz)] 

^-rnzs 2a (-s a cp> +2c a s^) [B Q (pl,m H ,rnz) + Bo(pl,m H ,rn z )} >, (B61) 
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M ijm \v\,v\^)v = j^^cwmzicaCp, + 2s a sp>)C vvv (m Z7 m w ,m z ) 

+ g 3 m w [c w (c a cp + V2s a s l3 )C V vv(mw,m z ,m w ) + s w (c a C/3 + V2s a Si3)Cvvv(mw,0,m w )] 

- ^9 3r rn w (c a c^ + y/2s a sp)[(sw + s 2 )Csvv(m G + ,m z ,m w ) - 8wCsvv(m G +,0,mw)] 

- ^9 3 mw(-c a Sf5 + V2s a Cfs)s/3Ci3Csyy(m H +,m z ,m w ) 

- ]^g Z m w (c a cp + V2s a sp)[(s w + s 2 p)CyYs{m w ,m z ,m G +) - s 2 v C^s(m w ,0,m G +)] 

- ^9 3 ni w (-c a Si3 + V2s a cp)si3Ci3C V v^(m w ,rn z ,rn H +) 

- 4g 3 's 2 pmw(c a cp + V2s a sp)C (mw,m H ++,m w ) - g%m% r {s 2 v + s|) 2 (c Q ,c y9 / + 2s a s /3 >)C (m z , m G +, m z ) 

- gz m w s i3 c i3(, c acp' + 2s a spi)C (m z ,m H +,m z ) - g m w (c a cp + V2s a sp) C (mw, m h , m w ) 

- g^my/icaCp + V2s a sp)(-s a cp + \/2c a sp) 2 Co(m w , m H , m w ) 
+ QKhhg 2 m 2 v (c a c l3 + V2s a Sf3) 2 C (m h , m w , m h ) 

+ 2\ HHh g 2 m w {-s a c l 3 + V2c a s/3) 2 C (m H , m w , m H ) 

+ 2\ Hhh g 2 m 2 v {c a cp + y/2s a sp){-s a cp + V2c a sp)[C (m h , mw, m H ) + C (m H ,m w ,m h )} 
+ ^H++H--h9 2 m 2 v s 2 pCo(m H + +: m w ,m H + + ) 

+ ^G+G-h9z m w( s W + s 2 p) 2 C (m G +,m z ,m G +) + X hG + G -g 2 s 2 v m w C (m G +, 0, m G +) 
+ XH+H-hg 2 zm w s 2 c 2 C (m H +,m z ,m H +) 

+ ^H+G-h9z m w s l3 c l3(s' w + s2 3)[ c o{m H +,m z ,m G+ ) + C (m G+ , m H +)] 

+ 25 3 ?nvi/s^(c Q c / 3 + \/2s Q ,s i g)[C 2 4(?TiG+' ?71 J H'++i m vy) + C 2 4:(m w ,m H ++,m G +)] 

+ 2g 3 m w spcp(-c a s l3 + V2s a c i g)[C 2 4(m#+ } mif++,m w ) + C 2i (mw, m H ++, m H +)] 

+ \jg 3 m w {c a Cfi + v / 2s a s / 9) 3 [C 2 4(mvr,m ft) m G +) + C 24 (m G + , m h , m w )] 

+ ^g 3 m w (-s a ci3 + V2c a sp) 2 (c a cp + \/2s Q s / 3)[C 24 (77i w , 777 G+ ) + C 2 i{m G+ , m H , m w )} 

+ ^g 3 m W (c a Ci3 + V2s a Sp)(-CaSp + V2s a Cp) 2 [C 24 (tUff , m ft , 771^+ ) + C24K+,%mif)] 

+ ^g 3 m w (-s a ci3 + V2c a sp)(-c a sp + \/2s a cp)(s a sp + V2c a c/3)[Cu(m w ,m H ,m H +) + C 2A (m H + ,m H ,m w )] 
+ -gg z mw(sw + s p)( c P c P' + V2spsp')(c a cp> + 2s Q s / 3')[C 24 (m G o,m G+ ,77iz) + C 24 (m£,m G+ ,m G o)] 

+ ^99z m w(Sw + S^^ -0 / 35 / 3 ' + V2spCp>)(-C a Sp' + 2s Q C /3 ')[C 24 (mA,777 G+ ,777 Z ) + C 24 (m Z ,m G +,77lA)] 

+ ■z99z TnwS P c P(~ a P c P' + ^ c /3 s P')(caCp> + 2s a si3>)[C M (m G o,m H +,m z ) + C 24 (m z , m H +, m G o)} 
+ 7}99z m w spcp(spsp> + V2cpcp>)(-c a sp / + 2s a c^)[C 2A (m A ,m H +,m z ) + C 2A {m z ,m H +,m A )] 
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- g 3 c w m z (c Q cp> + 2s a sp> ) C 24 (m Cz , m c+ , m Cz ) 

- 5 3 c^mjy( c a c /3 + V2s a sp)C24(m c +,m Cz ,m c +) - g 3 Swm w (c a cp + V2s a sp)C 2 ^(m c +, m^, m c +) 

- g 3 m w (c a cp + V2s a sp)(D - l)B (q 2 , m w , m w ) - g 3 c w m z (c a cp / + 2s a sp>){D - l)B (q 2 ,m z ,m 

- -^g 3 rn w s a sp[B (pj,m w ,m H ++) + B (p 2 , m w , m H ++)] 

- ^5 3 (3 - c 2a )m w (c a cp + \ / 2s Q ,s /3 )[B (Pi,"T-w,"ih.) + B (pl, m w , m h )\ 

- j9 3 S2amw(-s a cp + V2c a sp)[B (pj,m w ,m H ) + B (pl,m w ,m H )} 

- ^ddzmwicacpsw - V^cyj, - 2)s a sp](s 2 v + s 2 p)[B (pl,m z ,m G +) + B (p?,mz,m G «+)] 
+ ^ggz^wicaspsw + \/2(c^ - 2)s a C / g]s /3 C / 3[5 (p2,"lZ,"l J H'+) + B {pf,m z ,m H +)] 

- ^ge 2 m w (c a cp + V2s a sp)[B (pl,0,m G +) + £ (Pi,0,m G +)] j, (B62) 

where Ci 223 (mi, m 2 , m 3 ) = Ci 2 (mi, m 2 , m 3 ) + C 2 3(mi, m2, m 3 ) and 
Cyyy(mi,m 2 ,m 3 ) = 

[6(D - 1)C 24 + P?(2C 21 + 3C n + C ) + p|(2C 22 + C 12 ) + Pl • p 2 (4C 23 + 3C 12 + C n - 4C )] 
(mi, ma, mg), (B63) 

C^yy(77ll,m2,m 3 ) = 

[(£> - 1)C 24 + P?(C 21 - C ) +pi(C 22 - 2Ci 2 + C ) + 2pi -p 2 (C 23 - C n )] ( mi , m2 ,m 3 ), (B64) 
Cyys(mi,m 2 ,m 3 ) = 

[(£> - 1)C 24 + v\(C 2 x + 4C n + 4C ) + p|(C 22 + 2C 12 ) + 2 Pl • p 2 (C 23 + 2C 12 + C n + 2C )] 
(m 1 ,m 2 ,m 3 ). (B65) 
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